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Abstract In general, one can define equations over languages associ-

ated with the components of a given system and check confor-

The problem of designing a componentthat combined witygy, 1y Janguage containment. Two composition operators for
known part of a system, conforms to a given overall specificgsgiract languages are: synchronossand parallels, lead-
tion arises in several applications ranging from logic synthegis 5 the synchronous equatiche X C (' and the parallel
to the design of discrete controllers. We cast the problem s ~vioni’s X ¢ C'. The theory of equations over languages
solving abstract equations over languages. Language equa be specialized further to languages associated with inter-
can be defined with respect to several language compositionQyn g classes of automata, such as finite automata (FAs) and
erators such as synchronous compositio@nd parallel com- finite state machines (FSMs). Then the goal is to characterize
position, o; conformity can be checked by language contaifka so|utions of the equations over FSWE; e My C Mc

ment. In this paper we ad_dres_s parallel language eqyationsandMA o Mx C M, whereM, models the contextV/

_ Parallel composition arises in the context of modeling delayre specification and/x is an unknown FSM.

insensitive processes and their environments. The parallel compy, this paper we present a theory for parallel language equa-

position operator models an exchange protocol by which an jis * |n "particular we show how to compute the largest lan-

put is followed by an output after a finite exchange of intern age solution ofl o X C C, the largest FSM language, the

signals. It abstracts a system with two components with a singlg,ast complete solution, and the largest solution whose com-
eejg

message in transit, such that at each instance either the co ftion with the context! yields a complete FSM language.
nents exchange messages or one of them communicates

its environment, which submits the next external input to theFo

system only aftﬁr the system has produced an external ouiyhnoys equations”. In process algebra parallel equations have
In response to the previous input. been solved for processes, which are described by prefix-closed
_ We study the most general solutions of the language equayy|ar languages, over various conformance relations [4, 6, 3].
tion Ao X C (, and define the language operators needeq{Ghis paper we introduce parallel equations over arbitrary lan-
express them. Then we specialize such equations to langu es under language containment, and propose effective pro-
associated with important classes of automata used for mpggires for regular languages and Iénguages of FSMs. Some
eling systems, e.g., regular languages and FSM languages, ftedures in this paper are based on those proposed in [5] for
particular, ford o X C C, we give algorithms for computing:«aqynchronous equations”. Solution of synchronous equations

the largest FSM language solution, the largest complete s ntext of logic svnthesis are surv in I21. Ch
tion, and the largest solution whose composition witlgields e context of logic synthesis are surveyed in [2], Chap. 6.

a complete FSM language. We solve also FSM equations U”QerEquations over Languages
bounded parallel composition.

In this paper, we give concrete algorithms for computing1 Languages
such solutions, and state and prove their correctness.

olve also equations under bounded parallel composition.
r references on parallel equations see [5] on “asyn-

] Definition 2.1 An alphabet is a finite set of symbols. The set
1 Introduction of all strings over a fixed alphabé¥ is denoted byX*. X*

; . e i
An important step in the design of complex systems is t%‘é%%ﬁé?%@?ﬁ&t‘;’gmg A subset. C X" is called alan

decomposition of the system into separate components w|

interact in some well-defined way. A typical problem is how ) ) .

to design a component that combined with a known part of a¥Ve introduce some other operations on languages. It is use-
system, called the context, conforms to a given overall speiéil to recall the notions of substitution and homomorphism of
fication. This arises in several applications ranging from lod&hguages [1]. Asubstitution f is a mapping of an alphabgt
synthesis to the design of discrete controllers. There are thegEo subsets a* for some alphabeh. The substitutiory is

key issues to consider: how to model the system (its compgatended to strings by settirfde) = e andf (za) = f(z)f(a).
nents and specification), the composition of the componers,homomorphism / is a substitution such that(a) is a sin-

and the notion that the system conforms to a specification. gle string for each symbal in the alphabek.
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1. Given a languagé over alphabetX U V, consider the Definition 2.5 L C (I(UUV)*O)* over alphabefUUUV UO

homomorphisnt defined as is I*O-progressiveif Va € (I(U UV)*O)* Vi € IV €
_ UUV)*3Fy e UUV)*To € Olla € L = aiyo €
h(x):{m ifzeV LA [aif € L = «if3 yo € L]].
e fzeX\V "’

Definition 2.6 L over alphabetl U O is I;-definedif Ly; =
then I*.
Lyv = {h(a) | a € L} | o
over alphabel” is the restriction of L to the alphabet AN I*0-progressive language f&)-progressive, which in turn
V, or V-restriction ofL, i.e., words inLyy are obtained 'S Iy-defined. The converse of the two implications does not

from those inL by deleting all the symbols iX that are hold.

not symbols in”. By definition of substitutiorh(e) = €. Definition 2.7 L over alphabetY U U (X andU disjoint) is
U-convergentif Yo € X* the languagexy N L is finite, oth-

2. Given a languagé over alphabefX and an alphabét’ erwise it isU-divergent.

disjoint from X, consider the mapping defined as
Example 2.1 L = {iu*o} whereX = {i,o} andU = {u} is
U-divergent, as witnessed by the stritge X whose expan-
sion includes the infinite s¢éu*o} coinciding withL.

f(z) = azxB, Vz € X,Va,B € V7",
then

Lyv ={f(@) |z € L} iy
. . 2.2 Composition of Languages
over alphabeX UV is theexpansionof L over alphabet ] ) )
V, or V-expansion ofZ, i.e. words inLy are obtained Consider two systemd and B with associated languages
from those inL by inserting anywhere in them words fron?.(4) and L(B). The systems communicate with each other
V*. Notice thatf is not a substitution and th#te) = {« | by a channel/ and with the environment by channélandO.
a € V*} We introduce a composition operator that describes the external

Given a languagé over alphabefX, an alphabet” dis- behaviour of the composition df(A) andL(B).

jointfrom X and a natural numbérconsider the mapping

f defined as Definition 2.8 Given alphabet$, U, O, languagel, overl U

U and languagd., overU U O, the parallel composition of
languaged.; and L is the languag€(Li )40 N (L2)q1lyruo,
— <t

f(x) = axf, Vo€ X,Va,f € V>, denoted byL; © L, defined over U O.

Given alphabetd, U, O, languageL; over U U and lan-
guageL, overU U O, thel-bounded parallel compositionof
_ languaged.; andLs is the languagé(L1 )40 N (La2)qr N (I'U
Ly ={f(e)|a € L} 0)% .y luruo. denoted by, o; Ly, defined over U 0.
over alphabeX U V is thel-bounded expansionof lan-

guageL over alphabel/, or (V,1)-expansion ofL, i.e.
words inLyy are obtained from those if by inserting

then the language

When! = oo the definition ofl-bounded parallel composition
reduces to the definition of parallel composition of languages,
because thefl U O)?T(Ul) becomeg! U O UU)*, that is the

anywhere in them words froi<!. Notice thatf isnota . _
- _ <l universe ovedd U O U U, and so it can be dropped from the
substitution and that(e) = {a | a € V='}. conjunction.

The following straightforward fact holds between the restric- In the sequel it will be useful to consider the notionl&f
tion and expansion operators. convergence extended to the composition of two languages.

Proposition 2.1 Given alphabets(’ andY’, a languagel. over Definition 2.9 Given a languaged over alphabet! U U, a
alphabetX and a stringa € (X UY)*, thenayx € L iff languageB over alphabetl’ U O is A-compositionally U-
a € Lyy. convergentif the languageL. = Ayo N By over alphabet
. . X = is U- i.e. I * th
pe\r/Ve introduce some classes of languages used later in thq%uég;gj) #gi;sfilr{it(é(.)nvergent, leya € (1U0)" the

Definition 2.2 L over alphabetX is prefix-closedif Va € When clear from the context, instead Afcompositionallywe
X*Vz € X [ax € L = « € L]. Equivalently,L is prefix- will write more simplycompositionally
closed iffL = Init(L). ) )

2.3 Solution of Equations over Languages

Definition 2.3 L C (I0)* over alphabef U O is IO-prefix- . "
closedif Vo € (I0)* Vio € 10 [aio € L = a € L). 2.3.1 Language Equations under Parallel Composition

Given pairwise disjoint alphabefsU, O, languages! overIuU
Definition 2.4 L C (IO)* over alphabet[ U O is IO‘ Uandg Over[UOJ, Consri)der $ g g

progressiveif Va € (I0)*Vi € o€ O[a € L = aio €
L]. Ao X CC. (1)
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Definition 2.10 Given pairwise disjoint alphabets, U, 0, a 2.4 Equations over Mathematical Machines
languageA over alphabef UU and a languag€’ over alpha- _ )
betl UO, languageB over alphabet/ UO is called asolution ~ Language equations can be effectively solved when they are
of the equatiord o X C C'iff B # ) and A o B C C. The defined overlanguages that can be manipulated algorithmically.
largest solutionis a solution that contains any other solution Usually such languages are presented through their correspond-
] ] ing automata. We are going to study equations over various
Theorem 2.1 The largest solution of the equatiocho X C C'  classes of automata, like FAs and FSMs, specializing the equa-
is the languageS = A o C, if S # 0. tions to their associated languages. A key issue is the closure
) . o of the solution set with respect to a given type of language,
Proof. Consider a string: € (U U O)*, thenais in the largest e g., when dealing with FSM language equations we require
solution of Ao X C C'iff Ao{a} C C andthe following chain that the solutions are FSM languages too. This cannot be taken
of equivalences follows: for granted, since the general solution is expressed through the
operators of complementation and composition, which do not

Ao{a}CC « necessarily preserve some classes of languages.
Apo N{a NC=0 & . -
(Ao Nt }M)UIUO_ 3 Equations over Finite Automata
Ajon{atpNChuv =0 &
a g (A0 NChv)yovo & 3.1 Finite Automata and Regular Expressions
a€ (Ao NChro)youo & Definition 3.1 A non-deterministic finite automaton (NDFA

_ or more simply FA) is defined as a 5-tuplgy =
ac€AolC (S,%,A,r, F). S represents the finite state space,repre-
i ; sents the finite alphabet, adl C ¥ x S x S is the next state
'ghiirgif\?er(ne tt?f tlhaég{gﬁtgi%l;gon of the language equation” C relation, such thak € S is a next state of present statec S
on symbol € X if and only if (i,p,n) € A. The initial or
S—AoC @) reset state is € S and F' C § is the set of final or accepting
’ states. A variant of NDFAs allows the introductioreahoves,
if S# (. QED meaningthath C (X Ue) x S x S.
The next state relation can be extended to have as argument
Corollary 2.1 A languageB # () over alphabel/ U O is a stringsinX* (i.e.,A C ¥* x S x S) as follows:(pi, s, s") € A
solution ofdo X C Cif BC AoC. i(f ar)d S)nly iLthere exists’ € S such that(p,s,s’) € A and
— - i,s',s") € A.

A string z is said to beacceptedby the NDFAF 4 if there
exists a sequence of transitions corresponding teuch that
Proposition 2.2 If S is U-convergent, thes is the largest/- A(z,r) contains a state irf’. Thelanguageaccepted by,
convergent solution of the equation, and a languébe: () is  designated’(F,), is the set of string$z |A(z,7) N F # 0}.
anU-convergent solution ifB C S. If for each present statg and symbof there is at least next
WhenS is notU-convergent the large&t-convergent solution Staten such thati, p, n) € A the NDFA is said to beomplete

does not exist, and any finite subsetSos anl/-convergentso- A NDFA is adeterministic finite automaton (DFA) if for
lution. An analogous proposition and remark hold focom- €ach present staggand symbol there is exactly one next state

If AoC = (), then the language equatioho X C C has no
solution.

positionallyU -convergent solutions. n such that(i,p,n) € A. The relationA can be replaced by
. . the next state functiofi, defined as) : ¥ x S — S, where
Theorem 2.2 The largest solution of the equation n € S is the next state of present statec S on symbok € ¥
Aoy XCC if and only if n = §(i, p).
) - A stringz is said to beacceptedby the DFAF 4 if §(z,7) €
is the language F. Thelanguageaccepted by, designated:(F,), is the set
— of strings{z |§(z,r) € F}.
S = (Ayo NCpw))youuo,
if S # 0. The languages associated to finite automata are the regular
Proof languages and they are defined by means of regular expres-
root. sions [1].
Ao {a} cC &
* a_ Definition 3.2 The sets denoted by regular expressions are the
(Ago N{aprn(IU O)ﬂ(U,l))UIU_O ne=0 « regular languages
Aﬂo n {Oé}ﬂ[ N Cﬂ(UJ) =0 & . )
ad (Ao N éﬂ(w))ww N Regular languages are closed under union, concatenation, com-

plementation and intersection. They are closed also under re-
a€(AonC )uruo striction, because they are closed under substitution [1]. We

f MUH /U will show that they are closed under expansion, by providing
QED an algorithm that, given the finite automaton of a language, re-
turns the finite automaton of the expanded language.
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3.2 Solution over Regular Languages

U U {(s,5",2)}.

Non-deterministic finite automata are equivalent to deter- 5 <S’ 'E<Sz
ministic ones and regular expressions are equivalent to finite (s, 5, fc)—e A

automata [1]. By applying the algorithm of subset construc-
tion, one converts a NDFA into an equivalent complete DFA. , ,
Given an NDFAF, = (S,%,A,r, F), the process of subset 3.r'=randF" =F.

construction builds the DFAs = (2°,%,4, 7, F), where 1) The procedure for restriction guarantees the substitution prop-

the states € 2° are the subsets &, 2) the transition relation erty f(e) = e.
iS9(i,5) = Uses{s' | (i,s,s") € A} and 3) a state is final,

ie.,5 e Fp C 2", iff 5N F # 0. Since many of the states inTheorem 3.1 There is an effective way to solve equations over

25 are unreachable from the initial state, they can be deletasyular languages.
Thus, the determinized automaton usually has fewer states than

the power set. To make a NDFA complete, it is not necess&pof. Since all the operators used to express the solution of
to apply the full-blown subset construction; it suffices to adegular language equations have constructive counterparts on
a new non-accepting statg whose incoming transitions areautomata, then there is a constuctive method for computing the

(i,s,sq) for all i,s for which there was no transition in thesolution.QED
original automaton. By a closure construction [1], an NDFA

with e-moves can be converted to an NDFA withetmnoves; The largest solution of parallel equations for prefix-closed
subset construction must be applied at the end to determufﬁ@“'ar languages was known already in the process algebra

it. iterature [4, 6, 3].
The equivalence of regular expressions and finite automata . . i
is shown by matching each operation on regular expressiéns Finite State Machines

with a constructive procedure that yields the finite automatgRyinition 4.1 A non-deterministic FSM (NDFSM), or sim-

of the result, given the finite automata of the operands. For
most common operations (union, concatenation, complem
tation, intersection) see [1]. Here we sketch the procedures

an FSM or a machine, is defined as a 5-tupld/ =
I,0,T,r)y whereS represents the finite state spadagp-

restriction and expansion:

restriction ({}) Given FA F4 that accepts language over
X UV, the FAF that accepts languade;y overV is
obtained by the following procedure:

1. V& € X \ V, change every edge, s, s") into the
edge(e, s, s'), i.e., replace the symbolse X \ V

ents the finite input spacé) represents the finite output
space andl’ C I x S x S x O is the transition relation.
On inputi, the NDFSM at state may transit ton and out-
puto if and only if (i,p,n,0) € T. Stater € S represents
the initial or reset state. We denote the restriction7ofto
I x S x S (next state relation) by, C I x S x S, i.e.,
(i,s,8') € T, & Jo (i,s,s',0) € T, similarly, we denote the
restriction of7" to I x S x O (output relation) byl', C IxSxO,

by e. ie.(i,s,0) € T, & 3s' (i,s,s',0) € T. If at least one transi-

2. Apply the closure construction to obtain an equiv
lent finite automaton without-moves and then ap-
ply subset construction to determinize it (even if t
original FA F4 was deterministic, the process o
addinge-moves and then removing them by closu
construction usually returns a NDFA).

SM is said to berivial whenT = 0.

T,:IxS—2%andT, : I x S — 29,
expansion () Given FAF4 that accepts languadeoverX,

tion is specified for each present state and input pair, the FSM
% said to becomplete If no transition is specified for some
hpresent state and input pair, the FSM is said topaetial . An

'®is convenient to think of the relatiorf§, andT, as functions

the FA F; that accepts language,, over X UV (X n Definition 4.2 An NDFSM is apseudo non-deterministic
V = ) is obtained by adding for each statgvv € V, FSM (PNDFSM) if for each triplgi,p,0) € I x S x O, there

the edge (self-loopy, s, s). is exactly one state such that(i,p,n,0) € T.

I-expansion ;) Given FAF, that accepts languageover The qualification “non-deterministic” is because for a given

X, the FAF thataccepts languads, (v, ! integer, over

input and present state, there may be more than one possible

XUV (X NV =()is obtained as follows: output; however, edges (i.e., transitions) carrying different out-

puts must go to different next states. The further qualification

1. The set of states S’ df}, is given by “pseudo” non-deterministic is because its underlying finite au-

2. The next state relatiof\’ of F is given by

tomaton is deterministic. In a PNDFSM the next statés
S —SU U (sh,...,s'). unique for a given combination of input, present state and out-

put, so it can be given by a next state functioe= 7}, (i, p, 0).
Since the output is non-deterministic in general, it is repre-
sented by a relatiol, C I x S x O.

seSs

o Definition 4.3 A deterministic FSM (DFSM) is an NDFSM
A= | {6 st ot u [ {65 0) where for each paifi,p) € I x S, there is at most one next
€ staten and one outpub such that(i, p,n,0) € T, i.e., there is
at most one transition from undersi.

seS
vevV 1 j <l

SIA @
<A®

J
S
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In a DFSM the next state and the outpub can be given, re- For complete DFSMs reduction and equivalence of states coin-

spectively, by a next state functien= T, (i, p) and an output cide. Given an FSM language, there is a family of equivalent

functiono = T, (i, p). FSMs associated to it; for simplicity we will usually talk of
The transition relatioi” of a NDFSM can be extended inthe FSM associated with a given FSM language. In this paper

the usual way to a relation of* x S x S x O*: given FSMs are assumed to be reduced, unless otherwise stated.

a present state and an input sequencg ...i, € I*, ~ An FSM language is regular, whereas the converse is not

i1...ik,pym,01...05) € Tiffthere isasequencs ...sy.; TUE
, D, N, +

such thats; = p,...,sp41 = nandforeacly = 1,...,kit Theorem 4.1 A regular language over alphabétu O is the
holds that(i;, s;, sj+1,0;) € T. A similar extension can belanguage of a complete FSM over input alphalbednd out-
defined forZ}, andZ,. put alphabe® iff L C (I0)*, L is IO-prefix-closed andO-

In this paper FSMs are assumed to be pseudo npmegressive. A regular language C (10)* that is IO-prefix-
deterministic, unless otherwise stated. Notice that it is alwaglesed, but no7 O-progressive, is the language of a partial
possible to convert a general NDFSM into a PNDFSM by subBSM.

set construction. Given a regular language over alphabel U O, the follow-
41 Languages of FSMs ing algorithm buildsL” ", the largest subset df that is the
guag language of an FSM over input alphaliednd output alphabet
We now introduce the notion of language associated with @n
FSM. This is achieved by looking at the automaton underlyi ) . .
a given FSM. For our purposes, we define an associated r%q_gcedure 4.1Input. R%gS%arlanguagé overIUQ; Output:
guage over the alphabgt) O. argest FSM languagé over/ U O.
For a language ovelr U O, the automaton is obtained from : L . *
the original FSM, by replacing each edge labelled fywith 1. Build a deterministic automatoh acceptingl. 1 (0)*.

an edge labelled by followed by a new node (non-accepting 2. pelete the initial state if it is a nonfinal state.
state), followed by an edge labelled byAll original states are

made accepting. 3. Delete all nonfinal states having incoming edges labelled
with symbols from alphabe?, together with their incom-
Definition 4.4 Given an FSMM = (S, I,0,T,r), consider ing edges.

the finite automatod”(M) = (S U (S x I),TUO,A,r, ), 4. If the initial state has been deleted, tiefh®™ = (). Oth-

where(i, s, (s,4)) U (o, (s,i),s") € Aiff (i,s,s',0) € T. The . P
language accepted b (M) is denoted’.” (M), and by def- erW|S(;,SIAt=;[L4 be the automaton produced by thg procedure
inition is the U-languageof M at stater. Similarly LY (M) andZ the language that accepts. If there is no out-

denotes the language accepted®{)/) when started at state ~ going edge from the initial state of, thenA accepts the
s, and by definition is theJ-language ofM at states. By trivial languageL "M = {¢}, otherwise it accepts a non-
construction,Ls(M) C (I0)*, where IO denotes the set trivial FSM languageL**™. Any FSM language inL
{io|i€I,0€ 0} must be a subset df*" M,

e € L,(M) because the initial state is accepting. An F$M To obtain the largest subset &f which is the language of a
is trivial iff L,(M) = e. complete FSM we must apply one more pruning algorithm.

Procedure 4.2 Input: FSM LanguageL! M over I U O;

Definition 4.5 A languageL is an FSM languageif there is Output: LargestfO-progressive FSM languag@rog(L"SM)

an FSMM such that the associated automatB\/ ) accepts 1\ -7 UoO
L. The language associated with a DFSM is sometimes calftf '

abehaviour !, 1. Build a deterministic automatotacceptingl,” M,

Remark When convenient, we say that FSM4 has property 2. [teratively delete all states that are finablfor which3i €

X if its associated FSM language has propé¥ty I with no outgoing edge carrying the labgtogether with
their incoming edges, until the initial state is deleted or no

Definition 4.6 Statet of FSM Mp is said to be areduction more state can be deleted. Delete the initial stafié & I

of states of FSMM 4 (M4 and Mg are supposed to have the  with no outgoing edge carrying the label

same input set), writteh < s, iff L;(Mpg) C Ls(M4). States .

¢t and s gre equ)ivalent states wri'ftsan t )%_s, snEF t % sand 3. Iftheinitial state has been deleted, therog (L") =

s < t,i.e., whenL;(Mp) = Ls(M,). States that are not (. Otherwise, letA be the automaton produced by the

equivalent are calledlistinguishable. An FSM whose states procedure an@®rog (LY M) the Ianguagethai accepts.

are all pairwise distinguishable is @ducedFSM. Any I-progressive FSM language If$™ must be a sub-
Similarly, Mg is areduction of M4, Mp < Ma, iff rayg, set of Prog(LFSM)

the initial state ofM g, is a reduction ofry, , the initial state '

of My. WhenMp < M4 andM4 < Mp thenM, andMp

. g FSM
are equivalent machinesi.e., M4 = Mg. Machines that are Prop05|gg?44.l An FSM whose language id or
not equivalent arelistinguishable Prog(L ) can be trivially deduced from by replacing

pairs of consecutive edges labelled respectively withd o by
1The language associated with a NDFSM includes a set of behaviours. a Unique edge Iabelletj/o.
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Proposition 4.2 Given a regular languagé over alphabefU that a corresponding FSM (with edges labelled by p@ifs))

O, let M be an FSM over input alphabétand output alphabet can be reconstructed. Notice thathM 4) o L(Mpg) N (10)*

O. The languagd.(M) of M is contained inL if and only if does not need to be progressive, because partial FSMs are al-
L(M) C LFSM, lowed.QED

Proof. Show thatL(M) C L = L(M) C LFSM_ |n. Therefore we can state the following definition.
deedL(M) is an FSM language contained inand L5 Definition 4.7 The parallel composition of FSM& z and M 4
is by construction the largest FSM language containdd iSo Yyields the FSM\/ 4 o M p with language

L(M) C LFSM. B .
L(M) C LFSM = [(M) C L, since by definition L(Ma o Mp) = L(Ma) o L(Mg) N (I0)".

L7SM C L. QED If the languagel. (M 4)oL(Mp)N (I0)* = {c}, thenM 4o Mp
is a trivial FSM.
4.2 Parallel Composition The previous definition is sound because the langiid@é 4 ) o

L(Mp) N (I0)* by Lemma 4.1 is an FSM language, which
ay correspond to a complete or partial FSM according to
hether the languagd (M4) o L(Mg) N (I0)* is 10-
bgressive or not. Then by subset construction and reduc-
n we produce a reduced observable FSM. In summary, we
nvert from the FSM39/g and M 4 to the automata accept-

their FSM languages, operate on them and then we convert
ck from the resulting automaton to an FSM; then we produce
duced PNDFSM (we assume tidg and M 4 are PNDF-

Different types of composition between pairs of FSMs m
be defined, according to the protocol by which signals are
changed. For a given composition operator and pair of FS
we must establish whether that composition is defined, me
ing that it yields a set of behaviours that can be described by
other FSM. In general, the composition of FSMs is a partia
specified function from pairs of FSMs to an FSM. In this pap
we focus on the composition of FSMs by means of the para
composition operator over languages introduced in Sec. 2.
the FSM yielded by the composition of FSM$,4 and Mg is
the one whose language is obtained by the composition of i i
FSM languages associated withy and /. M8 Solutions of Equations over FSMs

Consider the pair of FSM%s Consider a general interconnection of two FSMs, and

Mpg, where FSMM 4 has input signald; andV and output

1. FSMM 4 has input alphabet U V, output alphabel’ U signalsU and O;, and FSMAMp has input signald, andU

0, and transition relatioff'4; and output signal%” andO,. The network implements a speci-
) fication M¢ with input signaldy, I, and output signal®;, O,.
2. FSMMgpg has input alphabdt U U, output alphabet” U Supposing thafi/4 and M are known and\/ is unknown,
O» and transition relatioff’s. we want to define an equation of the typgy, © Mx < M¢,

We define a parallel composition operatdhat associates withto capture the FSMa/y; that in place ofl/ let the network

; . of M4 and Mg match the specification/. Through Defini-
a pair of FSMsM 4 andMp another FSMV/y o Mp suchthat: 4o, '4 4 we have seen a way to associate an FSM language to

a given FSM, and the related composition operatbas been
introduced in Sec. 4.2; therefore we introduce the following

2. the alphabet of the external output&isU O, = O. equation over FSMs:

1. the alphabet of the external inputdisU I, = I;

Recall that, by definition of parallel composition of languages, MyoMx = Mc

and solve it by building first the related language equation
L(Ma) o L(Mx) C L(M¢) U (I0)* 3, whereL(M,) and

e [L(M AL(M ) L(Mc) are the FSM languages associated with FSi¥ls and
_ o € [ B)M_Uol (Ma)grzuozlpruo Mc. Then we derive the FSM/g associated withts. When
Notice that the expansions(Mg)qr,uo, and L(Ma)snuo,  there is no ambiguityl o X C C'U(I0)* denotes the language

are needed to have the languages\ff and M 4 defined on : TTAE
the same alphabet. equationL(M4) o L(Mx) C L(M¢) U (10)*.

a € L(Mg) o L(My,) iff

Lemma4.1If L(M,) and L(Mp) are FSMU-languages, 4.3.1 Parallel Composition

* i -
thenL(M4) o L(Mp) N (I0)* is an FSMJ-language. Given alphabetg;, I, U, V, 01,02, an FSMM 4 over inputs
Proof. L(M,) o L(Mg) N (I0)* is prefix-closed, becauselt UV and outputd’U0Oy, and an FSMV¢: over inputsl; U,
prefix-closedJ-languages are closed ungecomposition. In- @nd outputs); U O, consider the FSM equation
deed, a state of the finite automaton corresponding to an FSM
U-language is accepting iff it is the initial state or all its ingoing My o My = Mo, (3)
edges are labelled by symbols@h The property is preservedyhose unknown is an FSBI x over inputsl, U U and outputs
by intersection and restriction ovBUO. The intersection with 7 0,. We will use the shortened notatidn= I, U I, and
(I0)* makes sure that in the strings of the resulting FSM O = 0; U O,.

language an input is always followed by exactly one output, S M < Mo i D(Ma o Mx) C L(Me) it D(Ma o M)
A O Mx e} A O Mx) & c A O Mx) =

2For sake of simplicity the alphabels, I, O1, O, U, V are assumed to be disjoint. L(Ma) o L(Mx) N (I0)* C (M¢)iff L(Ma)o L(Mx) C L(M¢) U (IO)*.
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Definition 4.8 FSM Mp is a solution of the equatiomV/4 ¢ complete FSM over inputf U I and output$); U O-. Since
Mx X Mc, whereM, andM¢ are FSMs, ifand only iMa o A4 1,00, N Bgr,uo, N(I0),y is IO-prefix-closed, it corre-
Mp = Mc. sponds to a partial FSM. We have to restrict it so that it is also
r . ;
; -progressive, which corresponds to a complete FSM.
Converting to the related FSM languages, we construct ﬁ]é? now discuss the issue of progressiveness and livelocks

associated language equation (endless cycles of internal actions).

L(Ma) o L(Mx) C L(Mc) U (I0)*, (4) Definition 4.9 A solution B of Eq. 5 is A-compositionally
I*O-progressiveif
whereL(M4) is overl; UUUV UOy, L(M¢) is overl; UI,U
0, U0, and the unknown FSM language is o¥euU UV UOs. Agr,u0, N Byryuo, N (I0)juuy
The previous equation can be rewritten for simplicity as

is I*O-progressive.
Ao X CCU(I0O)*. (5) . " . -
If B is compositionally/*O-progressive, the restriction foU
We want to characterize solutions that are FSM languages. {Af the composition is adiO-progressive language, meaning

know from Theorem 2.1 that the largest solutiond$ X C thatits corresponding FSM is complete.

C U (10)* isthe languag® = Ao (C'N (10)*),if S #0.  Definition 4.10 A solution B of Eq. 5 is A-compositionally
In generalS is not an FSM language. To compute the larggsiefix I*O-progressiveif

FSM language contained ifi, SS™, we must compute the

largest prefix-closed language containedin ((I, UU)(V U Init(A)qr,u0, N INIt(B) 41,00, N INit((I0)")quuyv

02))*.

) is I*O-progressive.
Theorem 4.2 Let A and C' be FSM languages. The largest - _ . . _
FSM language solution of the equaticho X C C U (I0)* A compositionally prefix/*O-progressive solution yields a
. FSM SN PN _ ' composition that has n@: U v)* cycles without exit. Such a
is denoted bys™ ™, whereS = Ao (C'N(10)*). If S =0 go|ytion is also compositionalli* O-progressive, but the con-
then SFSM = ¢: if § £ ¢, SFSM s obtained by applying verse does not hold.

FSM __
Procgdure 4.11taS. If S = () then '_[he FSM languagepefinition 4.11 A solution B of Eq. 5 is A-compositionally
equationd o X C C'U (I0)* has no solution. prefix (UUV')-convergent(abbreviated asi-compositionally

Proof. The first step of Procedure 4.1 computes the interséE-U V')-convergen) if

tion of S with ((I UU)(V UO;))* to enforce that the solution, ) ) .

if it exists, is an FSM language with input alphaliety U and Init(A)pr,00, N Nit(B)gr,uo, N INit((10)*)quuv
output alphabet” U O». SinceA andC are regular languages,

SN ((I; uU)(V UOy))* is regular too and, by constructionjs (U U V')-convergent.

Procedure 4.1 extracts the largest FSM language contained in . ) _
it. QED A compositionally(U U V')-convergent solution yields a com-

" - . position that has ndu U v)* cycles, i.e., it is livelock-free.
By Proposition 4.1, it is easy to derive an FSMsrsw 8SS0- A compositionally/*O-progressive or compositionally prefix

ciated withS" M. This allows us to talk about FSMs that arg+0)-progressive solution does not need to be compositionally
solutions of FSM equations, meaning any reduction of the F§ U'V)-convergent

Mgrswm, as guaranteed by Prop. 4.2.

For logic synthesis applications, we assume thgt and .
M are complete FSMs and we require that the solution isl §¢orem 4.3 Let B be an(l, UU)(V U O»)-progressive so-
complete FSM too. This is obtained by applying Procedure 4u¢ion of A ¢ X C C U (I0)* and letA be(I; UV)(U U Oy)-
to SSM yielding Prog(S¥SM), the largestI,UU)(VUO,)- progressive. I is compositionally prefik/ UV')-convergent,
progressive FSM languade ((I, U U)(V U O3))*. thenB is compositionally prefix*O-progressive.

Proposition 4.3 FSM M3 is a solution of the equationf, o Proof.  Since the componentsl and B are progressive
Mx < M¢, whereM 4 andMc are FSMs, ifand only if/ is their composition  Initd)y,u0, N INit(B)gr,u0, N

a reduction of the FSM/grsx associated witt§75M  where INit((0)*)quuv is deadlock-free, i.e., it never stops be-
SFSM is obtained by applying Procedure 4.1$owhereS — Cause a component does not have a transition under a given
NP T FSM . . input. If the composition is als@/ U V')-convergent, there can
Ao (CN(IO)). If S = 0 then no FSM is a solution. pe ng Jivelocks, i.e., there are no cycles labeled with actions
The largest complete FSM solutidd p,.,,(ssx) is found, if from the set U V. Therefore an external input, after a finite

it exists, by Procedure 4.2. A complete FSM is a solutionpth labelled with internal actions, must be followed by an
and only if it is a reduction of the largest complete solutiogkternal outputQED

MPTOQ(SFSM).

_ _ _ If S¥SM js compositionally prefixI*O-progressive, then
Furthermore, we restrict the attention to the solutiBreuch it is the largest compositionally prefix*O-progressive

that Ay r,u0, N Byr,uo, N (I0)4yyy i anI*O-progressive solution of the equation.  However, not every non-
FSM languagec (I(U U V)*O)* and so the composition is aempty subset ofST5M inherits this feature. IfSFSM
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is not compositionally prefixI*O-progressive, then de- By Theorem 4.3, the fact thdi/ is compositionally(U U

note the largest compositionally prefix O-progressive sub-V')-convergent, together with the completenessidf and
set of SFSM by cI*OProglnit(SFSM).  Conceptually Mg, imply thatMp is compositionally prefix*O-progressive
cI*OProgInit(STSM) is obtained fromS7S™ by deleting and therefore compositionally O-progressiveQED

each stringn € (I*(U U V)*O): such that, for some € I, However, M, o My < Mc may be solvable even though
there is no(u U v)* € (U U V)* and noo € O for which it A7, o, My < Mg has no solution. This may happen when
holdsa i(u U v)*o € Init(A)gr,uo, N Nit(SF5M) 100, N M4 o Mx < Mc has no compositionally* O-progressive so-
nit((10)*)quuy . We designed a procedure (not reported heﬂeﬂon. If Ms0;Mx = Mc has no complete solution, itis open
to compute the largest compositionally prefisO-progressive Whether there is a compositionallyO-progressive solution.
solution, however it is not guaranteed to terminate. .

Moreover we may require that the solutions are compoéi- Conclusions o
tionally (U U V)-convergent (see Definition 2.7), to rule out We addressed the problem of finding an unknown component
all livelocks from the composition. However, whegf'SM in anetwork in order to satisfy a global system specification. In
is not compositionallfU U V')-convergent, then the Iargesg?'scpgper we addressed only parallel language equations

(UgV)-convergent sohggw ‘_’035 not eX|s_t_and each fifite We characterized the most general solutions and then spe-
prefix-closed subset of is a compositionallfU U V)-  cijalized such equations to languages associated with important
convergentsolution; thus no such sequence can be deleted f@{8ses of automata used for modeling systems, e.g., regular
the largest solution without missing a composition@UV')-  languages and FSM languages. In particular we showed how
convergent solution. to compute the largest FSM language that is a solution of the
language equatiod ¢ X C C, the largest complete solution,
and the largest solution whose composition with the condext
yields a complete FSM language. We solved also FSM equa-

; ; L ; jons under bounded parallel composition.
gt)a(iepvrvoedclijlgggsasnt h:xfgrlgg?gign?sa%g?ma{o ﬁgg?emg tgg_CSRCurrently we are studying algorithms for classes of restricted

: . : tions having desirable properties with respect to deadlocks
tions and provide the key steps to solve FSM equations un . b > .
bounded parallel composition. g% livelocks. We are also investigating the dual equation

Ao X C C that models synchronous composition of sequential

circuits and applying the theory to sequential logic synthesis, to
Ylerive new results about basic topologies of networks of FSMs.
We are exploring the advantages that could be provided by
structural FSM representations for restricted network topolo-

gies in order to solve FSM language equations efficiently.

4.3.2 Bounded Parallel Composition

Definition 4.12 Thel-bounded parallel composition of FSM
Mg, over input alphabet, U U and output alphabeb, U V,
and of M 4, over input alphabef; U V' and output alphabet
01 U U, yields the FSMVI 4 ¢; Mg with language

L(MA o1 MB) = L(MA) o1 L(MB) N (IO)*
= [L(Ma)pruo. N L(Mp)ynu0,
NI U O)jwuvpluruo N (10)*".
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