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Abstract

The problem of designing a component that combined with a
known part of a system, conforms to a given overall specifica-
tion arises in several applications ranging from logic synthesis
to the design of discrete controllers. We cast the problem as
solving abstract equations over languages. Language equations
can be defined with respect to several language composition op-
erators such as synchronous composition,�, and parallel com-
position,�; conformity can be checked by language contain-
ment. In this paper we address parallel language equations.

Parallel composition arises in the context of modeling delay-
insensitive processes and their environments. The parallel com-
position operator models an exchange protocol by which an in-
put is followed by an output after a finite exchange of internal
signals. It abstracts a system with two components with a single
message in transit, such that at each instance either the compo-
nents exchange messages or one of them communicates with
its environment, which submits the next external input to the
system only after the system has produced an external output
in response to the previous input.

We study the most general solutions of the language equa-
tion A �X � C, and define the language operators needed to
express them. Then we specialize such equations to languages
associated with important classes of automata used for mod-
eling systems, e.g., regular languages and FSM languages. In
particular, forA � X � C, we give algorithms for computing:
the largest FSM language solution, the largest complete solu-
tion, and the largest solution whose composition withA yields
a complete FSM language. We solve also FSM equations under
bounded parallel composition.

In this paper, we give concrete algorithms for computing
such solutions, and state and prove their correctness.

1 Introduction

An important step in the design of complex systems is the
decomposition of the system into separate components which
interact in some well-defined way. A typical problem is how
to design a component that combined with a known part of a
system, called the context, conforms to a given overall speci-
fication. This arises in several applications ranging from logic
synthesis to the design of discrete controllers. There are three
key issues to consider: how to model the system (its compo-
nents and specification), the composition of the components,
and the notion that the system conforms to a specification.

In general, one can define equations over languages associ-
ated with the components of a given system and check confor-
mity by language containment. Two composition operators for
abstract languages are: synchronous ,�, and parallel,�, lead-
ing to the synchronous equationA � X � C and the parallel
equationA �X � C. The theory of equations over languages
can be specialized further to languages associated with inter-
esting classes of automata, such as finite automata (FAs) and
finite state machines (FSMs). Then the goal is to characterize
the solutions of the equations over FSMsMA � MX � MC

andMA � MX � MC , whereMA models the context,MC
the specification andMX is an unknown FSM.

In this paper we present a theory for parallel language equa-
tions. In particular we show how to compute the largest lan-
guage solution ofA � X � C, the largest FSM language, the
largest complete solution, and the largest solution whose com-
position with the contextA yields a complete FSM language.
We solve also equations under bounded parallel composition.

For references on parallel equations see [5] on “asyn-
chronous equations”. In process algebra parallel equations have
been solved for processes, which are described by prefix-closed
regular languages, over various conformance relations [4, 6, 3].
In this paper we introduce parallel equations over arbitrary lan-
guages under language containment, and propose effective pro-
cedures for regular languages and languages of FSMs. Some
procedures in this paper are based on those proposed in [5] for
“asynchronous equations”. Solution of synchronous equations
in the context of logic synthesis are surveyed in [2], Chap. 6.

2 Equations over Languages

2.1 Languages

Definition 2.1 An alphabet is a finite set of symbols. The set
of all strings over a fixed alphabetX is denoted byX?. X?

includes the empty string�. A subsetL � X? is called alan-
guageover alphabetX .

We introduce some other operations on languages. It is use-
ful to recall the notions of substitution and homomorphism of
languages [1]. Asubstitution f is a mapping of an alphabet�
onto subsets of�? for some alphabet�. The substitutionf is
extended to strings by settingf(�) = � andf(xa) = f(x)f(a).
An homomorphismh is a substitution such thath(a) is a sin-
gle string for each symbola in the alphabet�.
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2 EQUATIONS OVER LANGUAGES 2

1. Given a languageL over alphabetX [ V , consider the
homomorphismh defined as

h(x) =

�
x if x 2 V
� if x 2 X n V

;

then
L+V = fh(�) j � 2 Lg

over alphabetV is the restriction of L to the alphabet
V , or V -restriction ofL, i.e., words inL+V are obtained
from those inL by deleting all the symbols inX that are
not symbols inV . By definition of substitutionh(�) = �.

2. Given a languageL over alphabetX and an alphabetV
disjoint fromX , consider the mappingf defined as

f(x) = �x�; 8x 2 X;8�; � 2 V ?;

then
L*V = ff(x) j x 2 Lg

over alphabetX [ V is theexpansionof L over alphabet
V , or V -expansion ofL, i.e. words inL*V are obtained
from those inL by inserting anywhere in them words from
V ?. Notice thatf is not a substitution and thatf(�) = f� j
� 2 V ?g.

Given a languageL over alphabetX , an alphabetV dis-
joint fromX and a natural numberl, consider the mapping
f defined as

f(x) = �x�; 8x 2 X;8�; � 2 V �l;

then the language

L*(V;l) = ff(�) j � 2 Lg

over alphabetX [ V is thel-bounded expansionof lan-
guageL over alphabetV , or (V; l)-expansion ofL, i.e.
words inL*V are obtained from those inL by inserting
anywhere in them words fromV �l. Notice thatf is not a
substitution and thatf(�) = f� j � 2 V �lg.

The following straightforward fact holds between the restric-
tion and expansion operators.

Proposition 2.1 Given alphabetsX andY , a languageL over
alphabetX and a string� 2 (X [ Y )?, then�+X 2 L iff
� 2 L*Y .

We introduce some classes of languages used later in the pa-
per.

Definition 2.2 L over alphabetX is prefix-closed if 8� 2
X? 8x 2 X [�x 2 L ) � 2 L]. Equivalently,L is prefix-
closed iffL = Init(L).

Definition 2.3 L � (IO)? over alphabetI [ O is IO-prefix-
closedif 8� 2 (IO)? 8io 2 IO [� io 2 L) � 2 L].

Definition 2.4 L � (IO)? over alphabetI [ O is IO-
progressiveif 8� 2 (IO)? 8i 2 I 9o 2 O [� 2 L ) � io 2
L].

Definition 2.5 L � (I(U[V )?O)? over alphabetI[U[V [O
is I?O-progressive if 8� 2 (I(U [ V )?O)? 8i 2 I 8� 2
(U [ V )? 9
 2 (U [ V )? 9o 2 O [[� 2 L ) � i
o 2
L] ^ [�i� 2 L) �i� 
o 2 L]].

Definition 2.6 L over alphabetI [ O is I+-defined if L+I =
I?.

An I?O-progressive language isIO-progressive, which in turn
is I+-defined. The converse of the two implications does not
hold.

Definition 2.7 L over alphabetX [ U (X andU disjoint) is
U -convergentif 8� 2 X? the language�*U \L is finite, oth-
erwise it isU -divergent.

Example 2.1L = fiu?og whereX = fi; og andU = fug is
U -divergent, as witnessed by the stringio 2 X whose expan-
sion includes the infinite setfiu?og coinciding withL.

2.2 Composition of Languages

Consider two systemsA andB with associated languages
L(A) andL(B). The systems communicate with each other
by a channelU and with the environment by channelsI andO.
We introduce a composition operator that describes the external
behaviour of the composition ofL(A) andL(B).

Definition 2.8 Given alphabetsI; U;O, languageL1 overI [
U and languageL2 overU [ O, theparallel composition of
languagesL1 andL2 is the language[(L1)*O \ (L2)*I ]+I[O,
denoted byL1 �L2, defined overI [ O.

Given alphabetsI; U;O, languageL1 overI [ U and lan-
guageL2 overU [ O, thel-bounded parallel compositionof
languagesL1 andL2 is the language[(L1)*O \ (L2)*I \ (I [
O)?

*(U;l)]+I[O , denoted byL1 �l L2, defined overI [ O.

Whenl = 1 the definition ofl-bounded parallel composition
reduces to the definition of parallel composition of languages,
because then(I [ O)?

*(U;l) becomes(I [ O [ U)?, that is the
universe overI [ O [ U , and so it can be dropped from the
conjunction.

In the sequel it will be useful to consider the notion ofU -
convergence extended to the composition of two languages.

Definition 2.9 Given a languageA over alphabetI [ U , a
languageB over alphabetU [ O is A-compositionally U -
convergent if the languageL = A*O \ B*I over alphabet
X = (I [ O) [ U is U -convergent, i.e.,8� 2 (I [ O)? the
language�*U \ L is finite.

When clear from the context, instead ofA-compositionallywe
will write more simplycompositionally.

2.3 Solution of Equations over Languages

2.3.1 Language Equations under Parallel Composition

Given pairwise disjoint alphabetsI; U;O, languagesA overI[
U andC overI [ O, consider

A �X � C: (1)
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Definition 2.10 Given pairwise disjoint alphabetsI; U;O, a
languageA over alphabetI [U and a languageC over alpha-
betI[O, languageB over alphabetU [O is called asolution
of the equationA � X � C iff B 6= ; andA � B � C. The
largest solution is a solution that contains any other solution.

Theorem 2.1 The largest solution of the equationA �X � C

is the languageS = A �C, if S 6= ;.

Proof. Consider a string� 2 (U [O)?, then� is in the largest
solution ofA�X � C iff A�f�g � C and the following chain
of equivalences follows:

A � f�g � C ,

(A*O \ f�g*I)+I[O \ C = ; ,

A*O \ f�g*I \ C*U = ; ,

� 62 (A*O \ C*U )+U[O ,

� 2 (A*O \ C*U )+U[O ,

� 2 A �C

Therefore the largest solution of the language equationA�X �
C is given by the language

S = A �C; (2)

if S 6= ;. QED

Corollary 2.1 A languageB 6= ; over alphabetU [ O is a

solution ofA �X � C iff B � A �C.

If A �C = ;, then the language equationA �X � C has no
solution.

Proposition 2.2 If S is U -convergent, thenS is the largestU -
convergent solution of the equation, and a languageB 6= ; is
anU -convergent solution iffB � S.

WhenS is notU -convergent the largestU -convergent solution
does not exist, and any finite subset ofS is anU -convergent so-
lution. An analogous proposition and remark hold forS com-
positionallyU -convergent solutions.

Theorem 2.2 The largest solution of the equation

A �l X � C

is the language

S = (A*O \ C*(U;l))+U[O ;

if S 6= ;.

Proof.

A �l f�g � C ,

(A*O \ f�g*I \ (I [O)?*(U;l))+I[O \ C = ; ,

A*O \ f�g*I \ C*(U;l) = ; ,

� 62 (A*O \ C*(U;l))+U[O ,

� 2 (A*O \ C*(U;l))+U[O

QED

2.4 Equations over Mathematical Machines

Language equations can be effectively solved when they are
defined over languages that can be manipulated algorithmically.
Usually such languages are presented through their correspond-
ing automata. We are going to study equations over various
classes of automata, like FAs and FSMs, specializing the equa-
tions to their associated languages. A key issue is the closure
of the solution set with respect to a given type of language,
e.g., when dealing with FSM language equations we require
that the solutions are FSM languages too. This cannot be taken
for granted, since the general solution is expressed through the
operators of complementation and composition, which do not
necessarily preserve some classes of languages.

3 Equations over Finite Automata

3.1 Finite Automata and Regular Expressions

Definition 3.1 A non-deterministic finite automaton (NDFA
or more simply FA) is defined as a 5-tupleFA =
hS;�;�; r; F i. S represents the finite state space,� repre-
sents the finite alphabet, and� � � � S � S is the next state
relation, such thatn 2 S is a next state of present statep 2 S
on symboli 2 � if and only if (i; p; n) 2 �. The initial or
reset state isr 2 S andF � S is the set of final or accepting
states. A variant of NDFAs allows the introduction of�-moves,
meaning that� � (� [ �)� S � S.

The next state relation can be extended to have as argument
strings in�� (i.e.,� � ���S�S) as follows:(�i; s; s00) 2 �
if and only if there existss0 2 S such that(�; s; s0) 2 � and
(i; s0; s00) 2 �.

A stringx is said to beacceptedby the NDFAFA if there
exists a sequence of transitions corresponding tox such that
�(x; r) contains a state inF . Thelanguageaccepted byFA,
designatedL(FA), is the set of stringsfx j�(x; r) \ F 6= ;g.

If for each present statep and symboli there is at least next
staten such that(i; p; n) 2 � the NDFA is said to becomplete.

A NDFA is adeterministic finite automaton (DFA) if for
each present statep and symboli there is exactly one next state
n such that(i; p; n) 2 �. The relation� can be replaced by
the next state functionÆ, defined asÆ : � � S ! S, where
n 2 S is the next state of present statep 2 S on symboli 2 �
if and only if n = Æ(i; p).

A stringx is said to beacceptedby the DFAFA if Æ(x; r) 2
F . Thelanguageaccepted byFA, designatedL(FA), is the set
of stringsfx jÆ(x; r) 2 Fg.

The languages associated to finite automata are the regular
languages and they are defined by means of regular expres-
sions [1].

Definition 3.2 The sets denoted by regular expressions are the
regular languages.

Regular languages are closed under union, concatenation, com-
plementation and intersection. They are closed also under re-
striction, because they are closed under substitution [1]. We
will show that they are closed under expansion, by providing
an algorithm that, given the finite automaton of a language, re-
turns the finite automaton of the expanded language.
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3.2 Solution over Regular Languages

Non-deterministic finite automata are equivalent to deter-
ministic ones and regular expressions are equivalent to finite
automata [1]. By applying the algorithm of subset construc-
tion, one converts a NDFA into an equivalent complete DFA.
Given an NDFAFA = hS;�;�; r; F i, the process of subset
construction builds the DFAFB = h2S ;�; Æ; r; FBi, where 1)
the states~s 2 2S are the subsets ofS, 2) the transition relation
is Æ(i; ~s) = [s2~sfs0 j (i; s; s0) 2 �g and 3) a state is final,
i.e., ~s 2 FB � 2F , iff ~s \ F 6= ;. Since many of the states in
2S are unreachable from the initial state, they can be deleted.
Thus, the determinized automaton usually has fewer states than
the power set. To make a NDFA complete, it is not necessary
to apply the full-blown subset construction; it suffices to add
a new non-accepting statesd whose incoming transitions are
(i; s; sd) for all i; s for which there was no transition in the
original automaton. By a closure construction [1], an NDFA
with �-moves can be converted to an NDFA without�-moves;
subset construction must be applied at the end to determinize
it.

The equivalence of regular expressions and finite automata
is shown by matching each operation on regular expressions
with a constructive procedure that yields the finite automaton
of the result, given the finite automata of the operands. For the
most common operations (union, concatenation, complemen-
tation, intersection) see [1]. Here we sketch the procedures for
restriction and expansion:

restriction (+) Given FA FA that accepts languageL over
X [ V , the FAF 0

A that accepts languageL+V overV is
obtained by the following procedure:

1. 8x 2 X n V , change every edge(x; s; s0) into the
edge(�; s; s0), i.e., replace the symbolsx 2 X n V
by �.

2. Apply the closure construction to obtain an equiva-
lent finite automaton without�-moves and then ap-
ply subset construction to determinize it (even if the
original FA FA was deterministic, the process of
adding�-moves and then removing them by closure
construction usually returns a NDFA).

expansion (*) Given FAFA that accepts languageL overX ,
the FAF 0

A that accepts languageL*V overX [ V (X \
V = ;) is obtained by adding for each states, 8v 2 V ,
the edge (self-loop)(v; s; s).

l-expansion (*l) Given FAFA that accepts languageL over
X , the FAF 0

A that accepts languageL*(V;l), l integer, over
X [ V (X \ V = ;) is obtained as follows:

1. The set of states S’ ofF 0
A is given by

S0 = S [
[
s2S

fs1; : : : ; slg:

2. The next state relation�0 of F 0
A is given by

�0 =
[
s 2 S
v 2 V

f(s; s1; v)g [
[
s 2 S

1 � j < l
v 2 V

f(sj ; sj+1; v)g

[
[

s; s0 2 S
1 � j � l

(s; s0; x) 2 �

f(sj ; s0; x)g:

3. r0 = r andF 0 = F .

The procedure for restriction guarantees the substitution prop-
ertyf(�) = �.

Theorem 3.1 There is an effective way to solve equations over
regular languages.

Proof. Since all the operators used to express the solution of
regular language equations have constructive counterparts on
automata, then there is a constuctive method for computing the
solution.QED

The largest solution of parallel equations for prefix-closed
regular languages was known already in the process algebra
literature [4, 6, 3].

4 Finite State Machines
Definition 4.1 A non-deterministic FSM (NDFSM), or sim-
ply an FSM or a machine, is defined as a 5-tupleM =
hS; I; O; T; ri whereS represents the finite state space,I rep-
resents the finite input space,O represents the finite output
space andT � I � S � S � O is the transition relation.
On input i, the NDFSM at statep may transit ton and out-
put o if and only if (i; p; n; o) 2 T . Stater 2 S represents
the initial or reset state. We denote the restriction ofT to
I � S � S (next state relation) byTn � I � S � S, i.e.,
(i; s; s0) 2 Tn , 9o (i; s; s0; o) 2 T ; similarly, we denote the
restriction ofT to I�S�O (output relation) byTo � I�S�O,
i.e.,(i; s; o) 2 To , 9s0 (i; s; s0; o) 2 T . If at least one transi-
tion is specified for each present state and input pair, the FSM
is said to becomplete. If no transition is specified for some
present state and input pair, the FSM is said to bepartial . An
FSM is said to betrivial whenT = ;.

It is convenient to think of the relationsTn andTo as functions
Tn : I � S ! 2S andTo : I � S ! 2O.

Definition 4.2 An NDFSM is apseudo non-deterministic
FSM (PNDFSM) if for each triple(i; p; o) 2 I � S �O, there
is exactly one staten such that(i; p; n; o) 2 T .

The qualification “non-deterministic” is because for a given
input and present state, there may be more than one possible
output; however, edges (i.e., transitions) carrying different out-
puts must go to different next states. The further qualification
“pseudo” non-deterministic is because its underlying finite au-
tomaton is deterministic. In a PNDFSM the next staten is
unique for a given combination of input, present state and out-
put, so it can be given by a next state functionn = Tn(i; p; o).
Since the output is non-deterministic in general, it is repre-
sented by a relationTo � I � S �O.

Definition 4.3 A deterministic FSM (DFSM) is an NDFSM
where for each pair(i; p) 2 I � S, there is at most one next
staten and one outputo such that(i; p; n; o) 2 T , i.e., there is
at most one transition fromp underi.
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In a DFSM the next staten and the outputo can be given, re-
spectively, by a next state functionn = Tn(i; p) and an output
functiono = To(i; p).

The transition relationT of a NDFSM can be extended in
the usual way to a relation onI? � S � S � O?: given
a present statep and an input sequencei1 : : : ik 2 I?,
(i1 : : : ik; p; n; o1 : : : ok) 2 T iff there is a sequences1 : : : sk+1
such thats1 = p; : : : ; sk+1 = n and for eachj = 1; : : : ; k it
holds that(ij ; sj ; sj+1; oj) 2 T . A similar extension can be
defined forTp andTn.

In this paper FSMs are assumed to be pseudo non-
deterministic, unless otherwise stated. Notice that it is always
possible to convert a general NDFSM into a PNDFSM by sub-
set construction.

4.1 Languages of FSMs

We now introduce the notion of language associated with an
FSM. This is achieved by looking at the automaton underlying
a given FSM. For our purposes, we define an associated lan-
guage over the alphabetI [ O.

For a language overI [ O, the automaton is obtained from
the original FSM, by replacing each edge labelled byi=o with
an edge labelled byi, followed by a new node (non-accepting
state), followed by an edge labelled byo. All original states are
made accepting.

Definition 4.4 Given an FSMM = hS; I; O; T; ri, consider
the finite automatonF (M) = hS [ (S � I); I [ O;�; r; Si,
where(i; s; (s; i)) [ (o; (s; i); s0) 2 � iff (i; s; s0; o) 2 T . The
language accepted byF (M) is denotedL[r (M), and by def-
inition is the[-languageof M at stater. SimilarlyL[s (M)
denotes the language accepted byF (M) when started at state
s, and by definition is the[-language ofM at states. By
construction,Ls(M) � (IO)?, where IO denotes the set
fio j i 2 I; o 2 Og.

� 2 Lr(M) because the initial state is accepting. An FSMM
is trivial iff Lr(M) = �.

Definition 4.5 A languageL is an FSM languageif there is
an FSMM such that the associated automatonF (M) accepts
L. The language associated with a DFSM is sometimes called
a behaviour 1.

Remark When convenient, we say that FSMMA has property
X if its associated FSM language has propertyX .

Definition 4.6 Statet of FSMMB is said to be areduction
of states of FSMMA (MA andMB are supposed to have the
same input set), writtent � s, iff Lt(MB) � Ls(MA). States
t and s are equivalent states, written t �= s, iff t � s and
s � t, i.e., whenLt(MB) = Ls(MA). States that are not
equivalent are calleddistinguishable. An FSM whose states
are all pairwise distinguishable is areducedFSM.

Similarly,MB is a reduction of MA, MB � MA, iff rMB
,

the initial state ofMB , is a reduction ofrMA
, the initial state

of MA. WhenMB � MA andMA � MB thenMA andMB

are equivalent machines, i.e.,MA
�= MB . Machines that are

not equivalent aredistinguishable.

1The language associated with a NDFSM includes a set of behaviours.

For complete DFSMs reduction and equivalence of states coin-
cide. Given an FSM language, there is a family of equivalent
FSMs associated to it; for simplicity we will usually talk of
the FSM associated with a given FSM language. In this paper
FSMs are assumed to be reduced, unless otherwise stated.

An FSM language is regular, whereas the converse is not
true.

Theorem 4.1 A regular language over alphabetI [ O is the
language of a complete FSM over input alphabetI and out-
put alphabetO iff L � (IO)?, L is IO-prefix-closed andIO-
progressive. A regular languageL � (IO)? that isIO-prefix-
closed, but notIO-progressive, is the language of a partial
FSM.

Given a regular languageL over alphabetI [O, the follow-
ing algorithm buildsLFSM , the largest subset ofL that is the
language of an FSM over input alphabetI and output alphabet
O.

Procedure 4.1 Input: Regular languageL overI[O; Output:
Largest FSM languageLFSM overI [ O.

1. Build a deterministic automatonA acceptingL \ (IO)?.

2. Delete the initial state if it is a nonfinal state.

3. Delete all nonfinal states having incoming edges labelled
with symbols from alphabetO, together with their incom-
ing edges.

4. If the initial state has been deleted, thenLFSM = ;. Oth-
erwise, letÂ be the automaton produced by the procedure
andLFSM the language that̂A accepts. If there is no out-
going edge from the initial state of̂A, thenÂ accepts the
trivial languageLFSM = f�g, otherwise it accepts a non-
trivial FSM languageLFSM . Any FSM language inL
must be a subset ofLFSM .

To obtain the largest subset ofL which is the language of a
complete FSM we must apply one more pruning algorithm.

Procedure 4.2 Input: FSM LanguageLFSM over I [ O;
Output: LargestIO-progressive FSM languageProg(LFSM )
overI [O.

1. Build a deterministic automatonA acceptingLFSM .

2. Iteratively delete all states that are finalandfor which9i 2
I with no outgoing edge carrying the labeli, together with
their incoming edges, until the initial state is deleted or no
more state can be deleted. Delete the initial state if9i 2 I
with no outgoing edge carrying the labeli.

3. If the initial state has been deleted, thenProg(LFSM ) =

;. Otherwise, letÂ be the automaton produced by the
procedure andProg(LFSM ) the language that̂A accepts.
Any I-progressive FSM language inLFSM must be a sub-
set ofProg(LFSM ).

Proposition 4.1 An FSM whose language isLFSM or
Prog(LFSM ) can be trivially deduced from̂A by replacing
pairs of consecutive edges labelled respectively withi ando by
a unique edge labelledi=o.
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Proposition 4.2 Given a regular languageL over alphabetI[
O, letM be an FSM over input alphabetI and output alphabet
O. The languageL(M) of M is contained inL if and only if
L(M) � LFSM .

Proof. Show thatL(M) � L ) L(M) � LFSM . In-
deedL(M) is an FSM language contained inL andLFSM

is by construction the largest FSM language contained inL. So
L(M) � LFSM .
L(M) � LFSM ) L(M) � L, since by definition

LFSM � L. QED

4.2 Parallel Composition

Different types of composition between pairs of FSMs may
be defined, according to the protocol by which signals are ex-
changed. For a given composition operator and pair of FSMs
we must establish whether that composition is defined, mean-
ing that it yields a set of behaviours that can be described by an-
other FSM. In general, the composition of FSMs is a partially
specified function from pairs of FSMs to an FSM. In this paper
we focus on the composition of FSMs by means of the parallel
composition operator over languages introduced in Sec. 2. So
the FSM yielded by the composition of FSMsMA andMB is
the one whose language is obtained by the composition of the
FSM languages associated withMA andMB .

Consider the pair of FSMs2

1. FSMMA has input alphabetI1 [ V , output alphabetU [
O1 and transition relationTA;

2. FSMMB has input alphabetI2 [ U , output alphabetV [
O2 and transition relationTB .

We define a parallel composition operator� that associates with
a pair of FSMsMA andMB another FSMMA �MB such that:

1. the alphabet of the external inputs isI1 [ I2 = I ;

2. the alphabet of the external outputs isO1 [ O2 = O.

Recall that, by definition of parallel composition of languages,

� 2 L(MB) �L(MA) iff

� 2 [L(MB)*I1[O1
\ L(MA)*I2[O2

]+I[O :

Notice that the expansionsL(MB)*I1[O1
andL(MA)*I2[O2

are needed to have the languages ofMB andMA defined on
the same alphabet.

Lemma 4.1 If L(MA) and L(MB) are FSM [-languages,
thenL(MA) �L(MB) \ (IO)? is an FSM[-language.

Proof. L(MA) � L(MB) \ (IO)? is prefix-closed, because
prefix-closed[-languages are closed under� composition. In-
deed, a state of the finite automaton corresponding to an FSM
[-language is accepting iff it is the initial state or all its ingoing
edges are labelled by symbols inO. The property is preserved
by intersection and restriction overI[O. The intersection with
(IO)? makes sure that in the strings of the resulting FSM[-
language an input is always followed by exactly one output, so

2For sake of simplicity the alphabetsI1; I2; O1; O2; U; V are assumed to be disjoint.

that a corresponding FSM (with edges labelled by pairs(i=o))
can be reconstructed. Notice thatL(MA) � L(MB) \ (IO)?

does not need to be progressive, because partial FSMs are al-
lowed.QED

Therefore we can state the following definition.

Definition 4.7 The parallel composition of FSMsMB andMA

yields the FSMMA �MB with language

L(MA �MB) = L(MA) �L(MB) \ (IO)?:

If the languageL(MA)�L(MB)\ (IO)? = f�g, thenMA�MB

is a trivial FSM.

The previous definition is sound because the languageL(MA)�
L(MB) \ (IO)? by Lemma 4.1 is an FSM language, which
may correspond to a complete or partial FSM according to
whether the languageL(MA) � L(MB) \ (IO)? is IO-
progressive or not. Then by subset construction and reduc-
tion we produce a reduced observable FSM. In summary, we
convert from the FSMsMB andMA to the automata accept-
ing their FSM languages, operate on them and then we convert
back from the resulting automaton to an FSM; then we produce
a reduced PNDFSM (we assume thatMB andMA are PNDF-
SMs).

4.3 Solutions of Equations over FSMs

Consider a general interconnection of two FSMsMA and
MB, where FSMMA has input signalsI1 andV and output
signalsU andO1, and FSMMB has input signalsI2 andU
and output signalsV andO2. The network implements a speci-
ficationMC with input signalsI1; I2 and output signalsO1; O2.
Supposing thatMA andMC are known andMB is unknown,
we want to define an equation of the typeMA � MX �MC ,
to capture the FSMsMB that in place ofMX let the network
of MA andMB match the specificationMC . Through Defini-
tion 4.4 we have seen a way to associate an FSM language to
a given FSM, and the related composition operator� has been
introduced in Sec. 4.2; therefore we introduce the following
equation over FSMs:

MA �MX �MC

and solve it by building first the related language equation
L(MA) � L(MX) � L(MC) [ (IO)? 3, whereL(MA) and
L(MC) are the FSM languages associated with FSMsMA and
MC . Then we derive the FSMMS associated withS. When
there is no ambiguityA�X � C[ (IO)? denotes the language
equationL(MA) �L(MX) � L(MC) [ (IO)?.

4.3.1 Parallel Composition

Given alphabetsI1; I2; U; V;O1; O2, an FSMMA over inputs
I1[V and outputsU [O1, and an FSMMC over inputsI1[I2
and outputsO1 [O2, consider the FSM equation

MA �MX �MC ; (3)

whose unknown is an FSMMX over inputsI2 [U and outputs
V [ O2. We will use the shortened notationI = I1 [ I2 and
O = O1 [ O2.

3MA � MX � MC iff L(MA � MX ) � L(MC ) iff L(MA � MX ) �

L(MA) �L(MX)\ (IO)
? � (MC ) iff L(MA) �L(MX) � L(MC)[ (IO)?.
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Definition 4.8 FSMMB is a solution of the equationMA �
MX �MC , whereMA andMC are FSMs, if and only ifMA �
MB �MC .

Converting to the related FSM languages, we construct the
associated language equation

L(MA) �L(MX) � L(MC) [ (IO)?; (4)

whereL(MA) is overI1[U [V [O1,L(MC) is overI1[I2[
O1[O2 and the unknown FSM language is overI2[U[V [O2.
The previous equation can be rewritten for simplicity as

A �X � C [ (IO)?: (5)

We want to characterize solutions that are FSM languages. We
know from Theorem 2.1 that the largest solution ofA � X �

C [ (IO)? is the languageS = A � (C \ (IO)?), if S 6= ;.
In generalS is not an FSM language. To compute the largest

FSM language contained inS, SFSM , we must compute the
largest prefix-closed language contained inS \ ((I2 [U)(V [
O2))

?.

Theorem 4.2 Let A and C be FSM languages. The largest
FSM language solution of the equationA � X � C [ (IO)?

is denoted bySFSM , whereS = A � (C \ (IO)?). If S = ;

thenSFSM = ;; if S 6= ;, SFSM is obtained by applying
Procedure 4.1 toS. If SFSM = ; then the FSM language
equationA �X � C [ (IO)? has no solution.

Proof. The first step of Procedure 4.1 computes the intersec-
tion ofS with ((I2[U)(V [O2))

? to enforce that the solution,
if it exists, is an FSM language with input alphabetI2 [ U and
output alphabetV [ O2. SinceA andC are regular languages,
S \ ((I2 [ U)(V [ O2))

? is regular too and, by construction,
Procedure 4.1 extracts the largest FSM language contained in
it. QED

By Proposition 4.1, it is easy to derive an FSMMSFSM asso-
ciated withSFSM . This allows us to talk about FSMs that are
solutions of FSM equations, meaning any reduction of the FSM
MSFSM , as guaranteed by Prop. 4.2.

For logic synthesis applications, we assume thatMA and
MC are complete FSMs and we require that the solution is a
complete FSM too. This is obtained by applying Procedure 4.2
toSFSM , yieldingProg(SFSM ), the largest(I2[U)(V [O2)-
progressive FSM language� ((I2 [ U)(V [O2))

?.

Proposition 4.3 FSMMB is a solution of the equationMA �
MX �MC , whereMA andMC are FSMs, if and only ifMB is
a reduction of the FSMMSFSM associated withSFSM , where
SFSM is obtained by applying Procedure 4.1 toS, whereS =

A � (C \ (IO)?). If SFSM = ; then no FSM is a solution.
The largest complete FSM solutionMProg(SFSM ) is found, if
it exists, by Procedure 4.2. A complete FSM is a solution if
and only if it is a reduction of the largest complete solution
MProg(SFSM ).

Furthermore, we restrict the attention to the solutionsB such
thatA*I2[O2

\ B*I1[O1
\ (IO)?*U[V is anI?O-progressive

FSM language� (I(U [ V )?O)? and so the composition is a

complete FSM over inputsI1 [ I2 and outputsO1 [O2. Since
A*I2[O2

\B*I1[O1
\ (IO)?*U[V is IO-prefix-closed, it corre-

sponds to a partial FSM. We have to restrict it so that it is also
I?O-progressive, which corresponds to a complete FSM.

To now discuss the issue of progressiveness and livelocks
(endless cycles of internal actions).

Definition 4.9 A solutionB of Eq. 5 isA-compositionally
I?O-progressiveif

A*I2[O2
\ B*I1[O1

\ (IO)?*U[V

is I?O-progressive.

If B is compositionallyI?O-progressive, the restriction toI [
O of the composition is anIO-progressive language, meaning
that its corresponding FSM is complete.

Definition 4.10 A solutionB of Eq. 5 isA-compositionally
prefix I?O-progressiveif

Init(A)*I2[O2
\ Init(B)*I1[O1

\ Init((IO)?)*U[V

is I?O-progressive.

A compositionally prefixI?O-progressive solution yields a
composition that has no(u [ v)? cycles without exit. Such a
solution is also compositionallyI?O-progressive, but the con-
verse does not hold.

Definition 4.11 A solutionB of Eq. 5 isA-compositionally
prefix (U[V )-convergent(abbreviated asA-compositionally
(U [ V )-convergent) if

Init(A)*I2[O2
\ Init(B)*I1[O1

\ Init((IO)?)*U[V

is (U [ V )-convergent.

A compositionally(U [ V )-convergent solution yields a com-
position that has no(u [ v)? cycles, i.e., it is livelock-free.
A compositionallyI?O-progressive or compositionally prefix
I?O-progressive solution does not need to be compositionally
(U [ V )-convergent.

Theorem 4.3 LetB be an(I2 [ U)(V [ O2)-progressive so-
lution ofA �X � C [ (IO)? and letA be(I1 [ V )(U [O1)-
progressive. IfB is compositionally prefix(U [V )-convergent,
thenB is compositionally prefixI?O-progressive.

Proof. Since the componentsA and B are progressive
their composition Init(A)*I2[O2

\ Init(B)*I1[O1
\

Init((IO)?)*U[V is deadlock-free, i.e., it never stops be-
cause a component does not have a transition under a given
input. If the composition is also(U [ V )-convergent, there can
be no livelocks, i.e., there are no cycles labeled with actions
from the setU [ V . Therefore an external input, after a finite
path labelled with internal actions, must be followed by an
external output.QED

If SFSM is compositionally prefixI?O-progressive, then
it is the largest compositionally prefixI?O-progressive
solution of the equation. However, not every non-
empty subset ofSFSM inherits this feature. IfSFSM
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is not compositionally prefixI?O-progressive, then de-
note the largest compositionally prefixI?O-progressive sub-
set of SFSM by cI?OProgInit(SFSM ). Conceptually
cI?OProgInit(SFSM ) is obtained fromSFSM by deleting
each string� 2 (I(U [ V )?O)? such that, for somei 2 I ,
there is no(u [ v)? 2 (U [ V )? and noo 2 O for which it
holds� i(u [ v)?o 2 Init(A)*I2[O2

\ Init(SFSM )*I1[O1
\

Init((IO)?)*U[V . We designed a procedure (not reported here)
to compute the largest compositionally prefixI?O-progressive
solution, however it is not guaranteed to terminate.

Moreover we may require that the solutions are composi-
tionally (U [ V )-convergent (see Definition 2.7), to rule out
all livelocks from the composition. However, whenSFSM

is not compositionally(U [ V )-convergent, then the largest
(U [V )-convergent solution does not exist and each finiteIO-
prefix-closed subset ofSFSM is a compositionally(U [ V )-
convergent solution; thus no such sequence can be deleted from
the largest solution without missing a compositionally(U[V )-
convergent solution.

4.3.2 Bounded Parallel Composition

Here we discuss the solutions whose composition with the con-
text produces an external output after at mostl internal ac-
tions and provide the key steps to solve FSM equations under
bounded parallel composition.

Definition 4.12 The l-bounded parallel composition of FSMs
MB , over input alphabetI2 [ U and output alphabetO2 [ V ,
and ofMA, over input alphabetI1 [ V and output alphabet
O1 [ U , yields the FSMMA �l MB with language

L(MA �lMB) = L(MA) �l L(MB) \ (IO)?

= [L(MA)*I2[O2
\ L(MB)*I1[O1

\(I [ O)?*(U[V;l)]+I[O \ (IO)?:

Whenl =1, this reduces to parallel composition of FSMs.

Proposition 4.4 FSMMB is a solution of the equationMA �l
MX �MC , whereMA andMC are FSMs, if and only ifMB is
a reduction of the FSMMSFSM associated withSFSM , where
SFSM is obtained by applying Procedure 4.1 toS, whereS =

(A*I2[O2
\ (C \ (IO)?)*(U[V;l))+I2[U[V [O2

. If SFSM = ;

then no FSM is a solution.SFSM is the largest compositionally
(U [V )-convergent solution ofMA �lMX �MC . The largest
complete FSM solutionMProg(SFSM ) is found, if it exists, by
Procedure 4.2.

Theorem 4.4 A solutionMB of MA �l MX � MC is also a
compositionally(U [ V )-convergent solution ofMA �MX �
MC .

If MA and MB are also complete, thenMB is a com-
positionally prefixI?O-progressive and compositionallyI?O-
progressive solution ofMA �MX �MC .

Proof. By construction, a solutionMB of MA �lMX �MC is
compositionally(U [V )-convergent. A solutionMB of MA �l
MX � MC is also a solution ofMA �MX � MC , because
whenl =1 the operator�l becomes the operator�.

By Theorem 4.3, the fact thatMB is compositionally(U [
V )-convergent, together with the completeness ofMA and
MB, imply thatMB is compositionally prefixI?O-progressive
and therefore compositionallyI?O-progressive.QED

However,MA � MX � MC may be solvable even though
MA �l MX � MC has no solution. This may happen when
MA �MX �MC has no compositionallyI?O-progressive so-
lution. If MA�lMX �MC has no complete solution, it is open
whether there is a compositionallyI?O-progressive solution.

5 Conclusions
We addressed the problem of finding an unknown component

in a network in order to satisfy a global system specification. In
this paper we addressed only parallel language equationsA �
X � C.

We characterized the most general solutions and then spe-
cialized such equations to languages associated with important
classes of automata used for modeling systems, e.g., regular
languages and FSM languages. In particular we showed how
to compute the largest FSM language that is a solution of the
language equationA � X � C, the largest complete solution,
and the largest solution whose composition with the contextA
yields a complete FSM language. We solved also FSM equa-
tions under bounded parallel composition.

Currently we are studying algorithms for classes of restricted
solutions having desirable properties with respect to deadlocks
and livelocks. We are also investigating the dual equation
A�X � C that models synchronous composition of sequential
circuits and applying the theory to sequential logic synthesis, to
derive new results about basic topologies of networks of FSMs.
We are exploring the advantages that could be provided by
structural FSM representations for restricted network topolo-
gies in order to solve FSM language equations efficiently.
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