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Consider the problem to design a component that combined with a known part of a system, calied the context,
conforms to a given overall specification. We cast the problem as solving an abstract equation over languages. In
this paper, we address only synchronous language equation. We study the most general solutions to the language
equation, defining the language operators needed to express them. Successfully we specialize such language
equation associated to important classes of automata used for modeling systems; e.g., regular languages and FSM
equations. In particular, we show how to compute the largest FSM language that is a solution to the language

equation, the largest complete solution, and the largest solution whose composition with the context 4 yields the
language of a complete FSM. '

Introduction

An important step in the design of complex systems is the decomposition of the system into a number of separate
components, which interact in some well-defined way. In this context, a typical question is how to design a compo-
nent that combined with a known part of the system, called the context, conforms or satisfies or matches a given
overall specification. This question arises in several applications ranging from logic synthesis to the design of dis-
crete controllers; the problem has been studied for various network topologies. There are three key issues to con-
sider: ' '

o how to model the system and its components and the specification;

o how to model the composition of the components, and

« how to model the notion of a system conforming or satisfying or matching another system.

In [1, 2] we proposed a general frame based on defining equations over languages associated to the comporents
of a given system. We introduced two composition operators for abstract languages: synchronous compositioa, e,
and parallel composition, 0, and we checked conformity by language containment. Then we studied the most general
solutions to the language equations, defining the language operators needed to express them. We also specialized the
theory of equations over languages to the languages associated to finite automata (FA) and finite state machines
(FSM). In particular, we studied the solutions to the equations defined over FSMs of the type My® Myc Mc and My
0 Myc Mc, where M, models the context, Mc models the specification and My is unknown.

In this paper, we pursue further this line of investigation and present only the theory of synchronous equations,
i.e., those of the type My® Myc Mc. We refer to [3] for a report on FSM equations of the type M, 0 Myc M.
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1. Equations over languages £

An alphabet is a finite set of symbols. The set of all finite strings over a fixed alphabet X is denoted by X. X in-
cludes the empty string & A subset L X is called a language over alphabet Y. In usual way, standard operations on
languages are defined: the union, the intersection, the complement and the difference. The language L is prefix-
closed if each prefix of each word is in the language L. A substitution [4] f is a mapping of an alphabet X onto sub-
sets of ¥ for some alphabet . The substitution fis extended to strings by setting &) = £and ) = afx).

Given a language L over alphabet X x ¥, consider the substitution h defined as h(x,v) = x for all xeX and vel.

Then the language L, , = {h(a): acL} is the prOjectiqh of 1ax’1g"uage‘L’ onto jyalph,abé;,X or 'X-prlqjgcz‘tyig)ﬁ; of language

L. Given a language L over alphabet X and alphabet V. let fbe tl;e,subSﬁtution-sﬁch that fix) = {(x,v): ve 1} for ail

xeX. Then the language L; = {fla): aeL} is the lifting of language L over alphabet V or V-lifting of language L.
The following straightforward fact holds between the projection and lifting operators. . .« 1 - -
Proposition 2.1. Given alphabets X and ¥, a language L over alphabet X and a string ae(XxP)’; a; <L iff
We introduce some classes of languages used later in the paper. I T EE R
Definition 2.1. A language L over alphabet X = I x O is I-progressive if VaeX YieRoeOlael — a (i,0)eL].
Definition 2.2. 'Alanguage L over-alphabet X = I x O is I-defined ifL,, = I e
If a language over X = I x O is I-progressive then it is also I-defined, but the converse doesnothold.
'Definition 2.3. A language L over alphabet X =1x O'is deadlock-free if VaeX 3peX\(e} [ael - apel].
"If a language over X =1 x O is J-progressive then it is also deadlock-free, but the converse does not hold. - o
Definition 2.4.- A language L over alphabet X = I x O is Moore if YaeLV(i,0)eX V(#,0)eX [a@,0)el - a
(0)el]l. : ' ‘ SR . R ,
Corisider two systems 4 and B with associated languages L(4) and L(B). The systems communicate with each
other by a channel U and with the environment by channels [ and O. We introduce a composition that describes the
external behavior of the composition of () and L(B) . S A i i o
Definition 2.5. Given alphabets I, U, O, language L, over I x U and L, over O x U, the synchronous composi-
tion of L, and L, is the language' [(L,)3 o L,)p1y 100 W1ieD L, oL, definedoverIxO.
4 - the notions of J-progressive and deadlock-free languages extended to

In the sequel it will be useful to consider
the composition of two languages. T o o »

Definition 2.6. Given a language A over alphabet I x U, a language B over alphabet U x O is A-compositionally
I-progressive if the language L = Ay, M By, over X = I x U x O is I-progressive, i.e., VaeX VieB(uo0)e U x
Olael - a (i,u,o)eL]. '

Definition 2.7. Given a language 4 over alphabet I x U, a language B over alphabet U x O is A-compositionally

deadlock-free if the language L = Ay, O By, over X =1 x U x O is deadlock-free, i.e., VaeX 3peX\{e} [acl >

afel]. - ; N s ,
" When clear from the context, instead of A-compositionally we will write more simply compositionally.

Given alphabets I, U and O, a language A4 over alphabet IxU and a language C over alphabet /<0, let us coﬁsider
the language equation AeXCC. ’ '

Definition 2.8. Given alphabets /, U and O, a language A over alphabet IxU and a language C over alphabet
Ix0, language B over alphabet UxO is called a solution to the equation AeXcC iff B#@ and AeBcC. The largest
solution is the solution that contains any other solution. ‘ ‘ '

Theorem 2.1. The largest solution to the equation AsXcC is the language S= A C ifS2Q. ,k :

Proof. Consider a sequence ae(U x O)‘ , then a is in the largest solution to AeXcC iff As{a}cC and the fol-
lowing chain of equivalence follows: . :

A C & (A {81 100" C =D & Ay o} NC 1y D&

[

ag(A1oNC 1y)yowy < @€ AeC.

Therefore, the largest solution to the equation 4eXcC is given by language S= A C ifS=#Q.

Corollary 2.1. A language B#Q over alphabet U x O is a solution to A-Xc_;'C‘iﬁ' Bg AeC. If A O,Ck = & then
the language equation has no solution. ' ' ' ‘

) Let S be the largest solution to the equation ,AoX;C.'It' is of interest to iﬁvestig!atc subséts of S that satisfy some
further properties, e.g., of being prefix-closed, progressive, etc. -

11. Use the same order IxUxO in (L)) o"Ly)4 ;- 2. The projection can be taken on the set that is different from IxO.
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If S is prefix-closed then S is the largest prefix-closed solution to the equation. However, not each non-empty -
subset of S inherits the feature of being prefix-closed. If S is not prefix-closed then denote by PreﬂS) the largest pre-
fix-closed subset of S The set PrgﬂS) is obtained from S by deletmg ich string that has a prefix 1

‘Proposition 2.2, If Pref(S')qt@ then Pref(S). is the largest ptéﬁx-closed solution to the .
Pref(Sy=0 then the equatron has no prefix-closed solunon If the language S does not mclude the empty stnng then
the equanon has no preﬁx-closed solution. ,

IfSis U-progressrve (Sisa language over alphabet Ux O) then S is the largest U-progr, i0 ,
equatron However, not each non-empty subset of S inherits the feature of being U-progressi S is not U-
progressive then denote by Prog(S) the largest U-progressive subset of S. The set Prog(S) is obtamed from S by de-
leting each string a such that, for some ue U, there is no o€ 0 for whlch it holds ou,0)€S. ‘

Proposition 2.3 If Prog(S) # @ then the language Prog(S) is the largest U-progressrvc solutlon to the equatton -
A-XcC If Prog(S) =@ then the equation has no U-progressive solution. :

If S is deadlock-free then S is the largest deadlock-free solution to the equation. However, not each non-empty
subset of S inherits the feature of being deadlock-free. If S i is not deadlock-free then denote by Dlockf(S) the largest

deadlock-free subset of S. The set Dlockf(S) is.obtained from Sby deletmg each string a such that there is no ﬂe(U
x 0) \{&} for which.it holds afeS.

Proposition 2.4. If Dlock(S) # & then the language DIockf(S) is the largest deadlock-free solut1on to the equa-
tion 4eXcC. If Dlockf(S) =& then the equation has no deadlock-free solution.

IfSis composmonally deadlock-free then S is the largest composmonally deadlock-free solutton to the equatlon
However, not each non-empty subset of S inherits the feature of being composmonally deadlock-free. If S is not
composxtronally deadlock—free then denote by choch‘(S) the largest composrtrona]ly deadlock-free subset of S. The

set cDIockA(S) is obtamed from S by deletmg each string & such that there is no ﬂe([ x U x 0) \{s} for which it
holds afled, ,NS;,. .

Proposition 2.5: If cDIochﬂS) # @ then the ]anguage cDIocht(S) is the largest composmonally deadlock—free
solution to the equation 4eXcC. If cDlockf(S) =& then the equation has no compositionally deadlock-free solution.

Language equations can be effectively solved when they are defined over languages that can be manipulated al-
gonthm1cally Usually such languages are presented through their corresponding automata. In the following sections
we are going to study equations over various classes of automata, like FAs and FSMs, specializing the theory of
equations to their associated languages. Notice that a key issue to investigate is the closure of the solution set with
respect to a certain type of language, e.g., when dealing with FSM language equation we require the solutions are
FSM languages too. This cannot be taken for granted, because the general solution of abstract language equatlon is

expressed through the ‘operators of complementation and composmon that do not preserve certam classes of lan-
guages f : : ~

2 Equatron over Flmte Automata .

or reset state is reS and FcS is the set of final or acceptmg states.” The next state relatlo can be .
as argument stnngs m Z’ in usual way A stnng x 1s sa1d to be accepted by the FA F A if

if for each present state p and symbol i there is exactly one next state n such that (z p, n)eA In the DF.
A'can be replaced by the next state function &;: =

The languages accepted by finite automata are the regular languages Regular languages are closed under union,
concatenation, complementatlon and intersection. Regular languages are closed also under projection and lifting, be-
cause they are closed under substitution [4].

Two well-known results are non-determmxstrc finite automata are equrvalent to determmrstlc ones and _that
regular languages and only them are accepted by finite automata. By applying the algonthm of subset construction
- one converts a NDFA into an urvalent DFA that also is complete To make complete aFA it suffi

s o add a new
non-acceptmg state whose mconnng transmons are (i, 5, Sd) for all'i, s for Wthh there was no trans

n 'in the ,origi-

To show regular languages are closed under the above operators a constructive procedure is proposed that yields t the :
finite automaton of the result, given finite automata of the arguments For the most common operators see [4]. Here

2 A variant of NDFA allows the introduction of s-moves, meaning that Ac(JUg)xSxS.
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we only sketch the procedure for lifting. Given FA F, that accepts language L over X, FA F' that agcepts language
L,, over XxV is obtained from by replacing each edge (x, s, s') by the edges ((x,v), 5, 8"), veV.

Given that all the operators used to express the solution of regular language equations have constructive counter-
parts on automata, we conclude that there is an effective way to solve equations over regular languages. Given a
regular language equation AeXcC, where A is a regular language over alphabet I x U, C is over Ix0, and the un-
known language X is over UxQ, we use the corresponding operators over automata to build the automaton with the
language Z:_C_3.

3. Equations over Finite State machines

Definition 4.1. A non-deterministic FSM (NDFSM) or simply an FSM or a machi

he, is defined as a S5-tuple M =
(S, 1, O, T, r). S represents the finite state space, / represents the finite input space, O represents the finite output

space and TcI x Sx Sx O s the transition relation. State reS represents the initial or reset state. If at least on¢ tran-
sition is specified for each present state and each input, the FSM is said to be complete; otherwise, the FSM is par-
tial. An FSM is said to be trivial if T=@. The transition relation of a NDFSM can be extended in the usual way to a
relation on I’ x S x S x O'. An FSM is deterministic (DFSM) if for each pair (i, p) there exists at most one next state
n and output o such that (i, p, n, o)eT. In deterministic FSM the transition relation usually is replaced by two func-
tions: next state function & and output function A. A complete FSM is said to be of Moore type if (i, p, n, 0)eT im-
plies that there is ' such that (", p, ', 0)€ 7 An FSM is observable [5] if for each triple (i, p, 0) there exists at most
one next state such that (4, p, n, o)eT. In this paper, FSMs are assumed to be observable, unless otherwise stated.

Notice that it is always possible to convert a general NDFSM into an observable FSM by subset construction.

We now introduce the notion of language associated to an FSM. This is achieved by looking to the automaton

underlying a given FSM. For our purposes, we define an associated language over alphabet I x O. In this case, the
automaton coincides with the original FSM where all states are made accepting and the edges carry a label of the
type (i, 0).

Definition 4.2. Given an FSM M = (S, I, O, T, r), consider the finite automaton F(M) = (S, Ix0, 4, 1, S), where
((,0) 5, sHeAiff (i, 5, s', o)eT. The language accepted by F(M) is denoted L{M), and by definition is the language of
M at state r. Similarly, L{(M) denotes the language accepted by F(M) when started at state s, and by definition is the
language of M at state.s. The empty string e€ L(M) because each state is accepting. An FSM is trivial iff L{M) = &

Definition 4.3. A language L over I x O is an FSM language if there is an FSM (S, 1, O, T, r) such that the asso-
ciated automaton accepts L.

When convenient, we will say FSM M, has property X if its associated FSM language has property X.

Definition 4.4. State  of FSM Mpis said to be a reduction of state s of FSM M, written 1<s, if L{M3p) < L{(M,).

States ¢ and s are said to be equivalent if 1<s and s<t, i.e., when L(Mp) = L,(M,). States ¢ and s that are not equivalent

are called distinguishable. An FSM whose states are distinguishable is called a reduced FSM. Similarly, Mg is a re-

‘ duction of M, Mg< My, if the initial state of M3 is a reduction of the initial state of M,. When Mp< M, and My< Mg
then Mpand M, are equivalent machines, i.e. My M,. Equivalent machines have equal languages.
For complete DFSMs the reduction and equivalence relations coincide. Given an FSM language, there is a fam-

ily of equivalent FSMs associated with it. In this paper, FSMs are assumed to be reduced, unless otherwise stated.
An FSM language is regular, whereas the converse is not true

Theorem 4.1. A regular language over alphabet [ x O is
and output alphabet O iff L is prefix-closed and
progressive is the language of a partial FSM.

Given a regular language over alphabet I x O, an algorithm follows to build L™, the largest subset of L that is
the language of an FSM over input alphabet / and output alphabet 0. We first build a deterministic automaton ac-
cepting the language L. The automaton accepting the largest prefix-closed subset of L is obtained by deleting all
non-accepting states with their 'mcomin% edges. If the initial state is deleted then L™M = @, Otherwise, the resulting
automaton accepts an FSM language L "M To obtain the largest subset of LFM that is the language of a complete
FSM we iteratively delete from the automaton all states that have an undefined transition at least for one input. If the
initial state is deleted then Prog(L™) = @. Otherwise, the automaton accepts the largest [-progressive subset
Prog(LFSM) of L™ An FSM whose language is LFM or Prog(LFSM) can be trivially deduced from the automaton by
interpreting each label (i,0) as an input/output pair i/o.

Theorem 4.2. Given a regular language over alphabet / x O, let M be an (complete) FSM over input alphabet /
and output alphabet O. The language L(M) of M is contained in L if and only if L(M) < L™MumM c Prog(LFSM)).

the language of a complete FSM over input alphabet /
I-progressive. A regular language that is prefix-closed but not /-

3 Notice the procedure can be applied for any regular languages,
reported in the literature.

% Notice this definition is different from that introduced in [5].

not only for prefix-closed languages as in restricted versions
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- FSM.

Finally, we discuss how the largest Moore submachine Moore(M) of an FSM M can be derived. Given state s of -
machme M, the set K; = {0€0|:V0e€0 3s'eS s.t. (i, 5, 5", 0)€ Ty} is defined: We then 1terat1vely delete from M each
state s such that K, = & with its incoming edges. If K, # & delete from T each transition (i, s; s', 0) such that ¢ ¢
K. If the initial. state has been deleted then Moore(M) does not exist; otherwrse, we denote Moore(M) the obtamed

Thecrem 4. 3 Any Moore -F. SM M’ that isa reducnon of M is-a reductzon of Moore(M) ‘

Diiferent types of composmon between pairs of FSMs can be defined, according to-the: protocol by wlnvh sig-
nals are exchanged For a given composmen operator and pair of FSMs we must establish whether the composition
of these two given FSMs is defined, meanmg that it yields a set of behaviors that can be described by another FSM.
So in general, the composition of FSMs is a ‘partially specified function from pairs of FSMs to an FSM. In this pa-
per, we define the composition of FSMs by means of the synchronous composmon operator over languages intro-
duced in Section 2. So the FSM yielded by the composition of FSMs M, and Mj is the one ‘whose language is ob--
tained by the composition of the FSM languages associated to M, and MB The synchronous composmon operator -
models the synchronous connection of sequential circuits. . »

Consider the pairs of FSMs: FSM M, with input alphabet I x V output alphabet Ux O, and transmon relatron
T, and FSM M, with input alphabet I, x U, output alphabet ¥ x O, and transition relation T5. We define a synchro-
nous composition operator e that associates to a pair of FSMs another FSM such that the external input alphabets / =
I, x I while the external output alphabet is O = 01 x-O,. We remind that, by definition of synchronous composition
of languages, a sequence @ € (I} x I, x Oy x 0,)’ is in the language of the synchronous composition of L(M,) and
L(M3) iff a is in the projection onto /; x I; x Oy x O, of the intersection of the liftings, respectively, of L(M,) over I,

x O, and of L(Mp) over.dyx 07, ie. a € [LMMnxor O L(Mp)tnxoilixo. Notice that the: llﬁmgs LM1pxoy and
L(Mg)trixor-are needed to have the languages of M, and M; defined on the same alphabet I;:x Iz X U xVx O, X Oz,
e.g., L(Mjp) is defined over IxUxVxO, and the lifting t/ixo1 defines it over IyxLxUxVxOx0y. 0 5 _

‘Definition 4.5. The synchronous composition of FSMs M, and ‘Mj yields the FSM MyoMp w1th language
L(M,)eL(Mp). If the language L(M)eL(Mp) = {&} then MoMgpis a trivial FSM.

Here we notice that the above definition is sound because the language L(M,.)-L(MB) is an FSM' language if
L(M,) and L(Mp) are FSM languages The language L(MA)OL(MB) may correspond to a complete or partial FSM ac-
cording to whether the language is I-progressive or not. Then by subset construction and reduction we produce a re-
duced obsérvable FSM. In summary, we convert from FSMs M, and Mj to the automata accepting their FSM lan-
guages, operate on them and then we convert back from the resulting automaton to an FSM then we produce are-
duced observable FSM. .

Supposing now that M, and the specification M of the composmon are known and Myis unknown we: deﬁne
the equation M, & My < M to capture the FSMs that in place of My let the synchronous composition be a reduction
of the specification FSM Mc. We solve the equation by building first the related language- equation L(M,) IMpc -
L(M¢) where L(My) and L(M) are the FSM languages associated to FSMs M, and M¢. Then we derive the FSM.Ms
associated to the largest solution S. When there is no ambrgulty we wrll denote by Ao Xc Cthe language equatlon
L(My) LMocLMe). :

- Given alphabets Iy L, UV, Oy, 02 and FSM M,, over mputs leV and outputs Us

I1xI; and outputs O1x0,, let us consrder the FSM equatron MA . Mx < MC whose unknown an FSM over mputs
ILxU and outputs ¥x0,.

Definltron 4 6 FSM Mgisa solutzon to the FSM equatlon if and only if M,, . MB < MC

simply A o » X c C), where A is an FSM language over Iixpx UxO,, Cisan FSM lan
and the unknown FSM’, language 1s over alphabet sz Ux Vx02 We want to chara

and C are FSM languages the equatron is always solvable, since the language A . C has the enrpty string, ‘i€ thi

trmal FSM isa solutlon to the equatlon However in general S= AeC isnot preﬁx osed, eneral Sis
an FSM language To compute the largest FSM language contamed inS, that is ™, we must compute the larg
preﬁx-closed subset of S Let Ms d te an FSM w1th the language SVSM 1 e the largest s,,, utton to the FSM eq
CIOHM(‘M)(<MC ) R

For logic synthesis apphcatlons, we assume that M,, and MC are complete FSMs and we requn'e the solution
isa complete FSM too. The latter can e obtained as a complete reduction of the largest complete solutron that is
largest complete submachine of the Ms. If M; has no complete submachine then the equation has no complete 50!
tion. The language of the largest complete submachine of Ms is Prog(S™).

$ Use the same order I;xIxUxVx0;x Oy in the languages L(M)tnxop and LMp)tnxor-
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Theorem 4.4. Let 4 and C be FSM languages. The largest FSM language that is a (completg) solution to the

equation is given by S™M (Prog(S™)) where S= A« C. S™M contains at least the empty string. v
Furthermore, we restrict our attention to the solution B that is compositionally I-progressive, i.e., such that
Aoz O Btnxo is the language of a complete FSM over inputs I;x1. Since A1pxo2 N Binxor is prefix-closed and so
it corresponds to a partial FSM, we have to restrict it so that it also is I-progressive, which corresponds to a complete
FSM. If Atpxo2 ™ (S nxon is I-progressive then S"M is the largest compositionally J-progressive solution to the
equation. However, not each non-empty subset of S™M inherits the feature of being compositionally I-progressive. If
Sﬁw is not compositionally /-progressive, then denote by eProoS™M) the largest compositionally I-progressive sub-
set of S"M We start with i=1, S, = §"M. Compute R; = Atz O Stnxor. If the language R, is I-progressive then
cProg(S™) = 8, Otherwise, obtain Prog(R)) and compute L; = S; \ (R; \ Prog(R)nxusnoz: 1 Ly FM = &5 then
cProg(S™) = &, and the equation has no compositionally I-progressive solution. Otherwise, assign Sy= L;"™ and
increment i by 1. The above procedure always terminates and returns the largest compositionally /-progressive solu-
tion (if exists). Here we notice that differently from the largest Moore and complete solutions in general the largest
compositionally J-progressive solution is not a submachine of the largest solution to the equation, i.e., is not a sub-
machine of the FSM with the language S™. A sufficient condition to insure that Atp.02 ™ Btnxor is an I-progressive
FSM language is that B satisfies the Moore property. If SPM is Moore then it is the largest Moore solution, and the

equation has a compositionally /-progressive solution. However, the equation can have a compositionally /-
progressive solution when there is no Moore solution.
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