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This paper addresses a Finite State Machine (FSM) decomposition/synthesis problem loosely stated as fol-
lows. Replace a given input/output specification FSM by two FSMs, one of which is known and called
a context FSM, another has to be determined; component FSMs communicate with the environment by
externa channels (interfaces) and with each other by non-observable internal channels. Replacement is
considered legdl, i.e., decomposition is achieved, if the two FSMs do not expose on external channels a
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Abstract

The paper addresses the problem of designing a component that combined with a known part of a
system, called the context FSM, is areduction of a given specification FSM. We study compositionally
progressive solutions of synchronous FSM equations. Such solutions, when combined with the context,
do not block any input that may occur in the specification, so they are of practical use. We show that
if a synchronous FSM equation has a compositionally progressive solution, then the egquation has a
largest compositionally progressive solution. We provide two different algorithms to compute a largest
compositionally progressive solution: one deletes all compositionally non-progressive strings from a
largest solution, the other splits states of a largest solution and then removes those inducing a non-
progressive composition.

I ntroduction

behaviour illegal with respect to the specification FSM.

On one hand, the problem could be viewed as a generalization of the classical supervisory control
problem [9] to open loop systems, since the environment and internal channels are absent at least in itsbasic
setting. On the other hand, it is a specialization of the problem of solving equations over languages [15] to
equations over input/output FSMs, since languages associated with input/output FSMs constitute a special

class of regular languages. We refer to [15, 14, 11, 3, 1, 5, 9] for asurvey of the literature.



In [15] we provided a formula defining the largest solution as the complement of the language obtained
as a composition of the given component language and the complement of the language to be decomposed
(the specification). This formula completely characterizes the solutions of a language inequation in the
sense that a language is a solution of a given language inequation if and only if it is a sublanguage of the
largest solution. If the composition of the largest solution of the inequality with the context is equal to the
specification then it is the largest solution of the language equation; however not each sublanguage of the
largest solution is a solution of the language equation (the complete characterization of such sublanguages
is till an open problem). Furthermore, if a solution is wanted that corresponds to the language of an FSM,
the obtained language must further be trimmed to enforce prefix-closure and coupling inputs with outputs,
see[15]. If, moreover, such asolution should correspond to a complete FSM, where transitions are specified
for al inputs in each state (inputs are never blocked), the resulting input/output FSM language has to be
further trimmed to obtain an (input) progressive language. This, unfortunately, does not guarantee that the
obtained solution is compositionally progressive, i.e., such that combined with the context FSM does not
block inputs that can occur in the specification FSM. Compositionally progressive solutions of input/output
FSM equations are studied in this paper.

Motivating contexts can be found in solving equations for synthesis/resynthesis of sequential logic,
where it is assumed that hardware must be progressive [8]. Another application can be found in software
wrapping, a technique in which an interface is created around an existing piece of software, providing a
new view of the software to external systems, objects, or users. The problem of determining a wrapper can
formally be cast as equation solving. The point here isthat any software is normally progressive and should
never block.

While the solutions to agenera language inequality have been completely characterized, characterizing
all compositionally progressive solutions of an input/output FSM eguation is a non-trivial open problem.
This may be explained at least by the facts that completeness of an input/output FSM and input progres-
siveness of the language associated with it do not always imply each other, and the union of two compo-
sitionaly progressive FSMs may include an FSM that is not compositionally progressive. To completely
solve the problem, one needs to first investigate FSM equations for each of the two different communication
paradigms, synchronous and parallel: languages alow both types of composition [15], while input/output
FSMS interact either synchronously or asynchronously. Both paradigms have useful, though different, tar-
get applications, e.g., synchronous composition of FSMs models the synchronous connection of sequential
circuits. In this paper, we investigate synchronous FSM eguations and contribute to solving the problem by
providing algorithms to compute alargest compositionally progressive solution such that any extension of it
isno longer acompositionally progressive solution, while every compositionally progressive solution is still
contained in it. At the same time, the algorithms allow that the obtained largest compositionally progressive
solution contains also solutions that are not compositionally progressive, aswe later demonstrate.

The contributions of this work can be summarised as follows. It is shown that if a synchronous FSM
equation has a compositionally progressive solution, then the equation has a largest compositionally pro-
gressive solution. If a largest solution is compositionally progressive, then it is a largest compositionally
progressive solution. In the case when a largest solution is not compositionally progressive, a procedure
is needed for iterative removal of illegal input-output strings that violate the property, until what is left is
compositionally progressive or is empty (there is no such solution). Two variations of such a procedure
are proposed in this paper. One is based on deleting al illega strings from a largest solution (it uses com-
plementation and therefore determinization at each step of the iteration). Another one is based on splitting
and subsequent removal of bad states of alargest solution aiming at deleting only illegal strings and keeping
compositionally progressive strings (the latter procedure uses determinization once in the state splitting step,



but does not appeal to complementation in the iteration removing bad states). The results are non-trivial,
as a largest compositionally progressive FSM solution is not necessarily a submachine of a largest FSM
solution.

Related work addressed the same problem for parallel equations over automata([7, 2, 4]. Kumar et al. [7]
solved the problem over finite automata, under the assumptions that the unknown has no external actions and
that all the states of the automata are accepting. The authors define an automaton as a solution to the equation
if the automaton is a solution and when combined with the context does not block any action available in the
specification (called progressive). The authors show that a solvable equation always has a largest solution,
i.e.,, an equation has a progressive solution if and only the equation has a largest progressive solution. An
algorithm for deriving alargest progressive solution is given, based on splitting states of a chaos automaton
(over the alphabet of the unknown), combining the split chaos automaton with the context and then deleting
states from the split chaos automaton that accept strings that violate the specification. Each state of the split
chaos automaton is such that it accepts either only sequences that are in a progressive solution (progressive
state) or none of the accepted sequences isin a progressive solution.

The work by Kumar et al. [7] was generaized by K.EI-Fakih and co-authors in [2, 4] to the case when
the unknown has external actions and the automata may have non-accepting states, with the goal of deriving
a largest progressive reduction of a given non-progressive solution. The latter task is non-trivial because
the number of different reductions is infinite in general. Moreover, K.El-Fakih et al. propose a method for
a complete characterization of the reductions of a largest non-progressive solution which are progressive
solutions to a parallel automata equation.

However, the case of synchronous composition of FSMs is different from the parallel composition of
automata. The actions of an FSM are partitioned into inputs and outputs and a compositionally progres-
sive solution is required not to block inputs of the specification, while not caring about outputs when the
specification is a non-deterministic FSM. Another difference is due to the semantics of the synchronous
and parallel composition operators, because the synchronous composition operator processes actions in all
channels simultaneously while the parallel composition operator processes an action of a single channel at
atime.

This paper is organized as follows. Basic definitions about equations over languages and FSMs are
provided, respectively, in Sec. 2 and Sec. 3. Compositionally progressive solutions are introduced in Sec. 4.
An algorithm that deletes strings that are not compositionally progressive strings is given in Sec. 5. A
different algorithm based on splitting and subsequent removal of statesis presented in Sec. 6.

This paper is self-contained, but the reader is referred to [15] for an in-depth exposition of language
equations.

2 Synchronous Equations over Languages

2.1 Languagesand Automata

We remind the notions of substitution and homomorphism of languages, referring to a standard textbook
for the basic definitions [6]. A substitution f is a mapping of an alphabet ¥ to subsets of & for some
aphabet A. The substitution f is extended to strings by setting f(e) = e and f(za) = f(z)f(a). An
homomorphism £ is a substitution such that ~(a) is a single string for each symbol « in the alphabet .
Two useful operations on languages are:

1. Given alanguage L over aphabet X x V, consider the homomorphism p : X x V' — V* defined
as p((x,v)) = v, then the language Ly = {p(c) | o € L} over aphabet V is the projection of
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language L onto alphabet V, or V-projection of L. By definition of substitution p(e) = e.

2. Given alanguage L over aphabet X and an alphabet V/, consider the substitution [ : X — 3XxV)”
defined asl(z) = {(z,v) | v € V'}, then the language L = Uqer [(a) over alphabet X x V isthe
lifting of language L to alphabet 1/, or V-lifting of L. By definition of substitution i(¢) = e.

Definition 2.1 Alanguage L over alphabet X is prefix-closed if Voo € X* Vx € X [ax € L = o € L].
Definition 2.2 Alanguage L over alphabet X = I x O isI-progressive if
Vae X*VieI3oeOlae L= a(io) e L.

Definition 2.3 Afinite automaton (FA) is defined as a 5-tuple F' = (S, %, A, r, Q). S represents the finite
state space, X represents the finite alphabet, and A C ¥ x S x S isthe next state relation, such that n € S
isa next state of present state p € .S on symbol i € X if and only if (i, p,n) € A. Theinitial or reset stateis
re Sand @ C Sistheset of final or accepting states. A variant of FAs allows the introduction of e-moves,
meaning that A C (X U {e)} x S x S.

The next state relation can be extended to have as argument strings in X (i.e, A C ¥* x S x S) as
follows: (pi,s,s”) € Aifandonlyif thereexists § € S suchthat (p,s,s') € Aand (i, s',s"”) € A.

A string = is said to be accepted by the FA F' if there exists a sequence of transitions corresponding to
x such that there isa state v/ € @ for which A(z,r,7"). The language accepted by F', designated L,.(F'),
is the set of strings {z |3 € Q [A(z,r,7")]}. The language accepted or recognized by s € S, denoted
L.(F|s) or L,.(s) when F isclear fromthe context, is the set of strings {x |A(z,, s)}.

If for each present state p and symbol i there is at least one next state n such that (i,p,n) € A, the FA
issaid to be complete.

An FAisadeterministic finiteautomaton (DFA) if for each present state p and symbol i there isexactly
one next state n such that (i, p,n) € A. Therelation A can be replaced by the next state function 4, defined
aséd : X xS — S,wheren € S isthe next state of present state p € S on symbol i € X if and only if
n = 0(i,p). An FAthat is not a DFA is a non-deter ministic finite automaton (NDFA).

Astring z is said to be accepted by the DFA F' if §(x, r) € Q. Thelanguage accepted by F', designated
L,(F), isthe set of strings {z |6(x,r) € Q}. The language accepted or recognized by s € S, denoted
L.(F|s) or L,(s) when F'isclear fromthe context, is the set of strings {x |0(z,r) = s}.

Definition 2.4 Given a finite automaton F' = (S, I x O, A, r, Q), state p € S is I-complete if and only if,
for eachi € I, thereexist n € S and o € O such that (io,p,n) € A. Afinite automaton is I-complete if
each state is I-complete.

A DFA is complete. The language of aDFA over I x O is I-progressive.

The languages associated with finite automata are the regular languages, defined by means of regular
expressions, by Kleene's theorem [6]. Regular languages are closed under union, concatenation, comple-
mentation (the complement of language L is denoted by L), intersection and substitution [6] (therefore
they are closed under projection and lifting, that are instances of substitution). The equivalence of regular
expressions and finite automata is shown by matching each operation on regular expressions with a con-
structive procedure that yields the finite automaton of the result, given the finite automata of the operands.
For the most common operations (union, concatenation, complementation, intersection) see [6]. Two finite
automata are equivaent if and only if they accept the same language and state minimization yields a unique
automaton associated to agiven language [6]. Here we report from [15] the constructions for the less known
operations of projection and lifting:
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Figure 1: Composition topology.

projection (]) Given FA F that acceptslanguage L over X x V, FA F' that accepts language L,y over X
is obtained from F' by the following procedure:

replace each edge ((x,v), s, §') by the edge (z, s, ¢').

lifting (1) Given FA F that accepts language L over X, FA F' that accepts language Ly over X x V' is
obtained from F' by the following procedure:

replace each edge (z, s, §) by the edges ((z,v), s,s'), Yv € V.

In the sequel often we will not make a distinction between a regular language L and the (determinized and
minimized) finite automaton F'(L) that recognizes L, naming both of them by L.

2.2 Synchronous Composition of L anguages

Consider two systems S4 and Sp with associated languages A and B. The systems communicate with
each other by a channel U and with the environment by channels 7 and O, as in the topology of Fig. 1.
We introduce a composition operator that describes the language associated to the external behaviour of the
composition of S4 and Sp. We assume the same order I x U x O in the languages (L1)1o and (L2)qs

(languages over product aphabets are defined up to permutations of component al phabets).

Definition 2.5 Given alphabets 7, U, O, language L, over I x U and language L, over U x O, the syn-
chronous product of languages L; and L, isthe language (L1 )10 N (L2)17.

Definition 2.6 Given alphabets 7, U, O, language L, over I x U and language L, over U x O, the syn-
chronous composition of languages L, and L, isthelanguage [(L1)10 N (L2)11] 1x0, defined over I x O,
which isdenoted by L, ;o Lo and isabbreviated as L; e L.

Definition 2.7 Given alanguage A over alphabet I x U, alanguage B over alphabet U x O is composi-
tionally I-progressive if the language L = Ayo N By over alphabet X = I x U x O isI-progressive, i.e.,
Vae X*VieI3(u,0) €U x0[ael=al(,uo)c Ll



2.3 Solution of Synchronous L anguage Equations

Given adphabets I, U, O, alanguage A over alphabet I x U and alanguage C over aphabet I x O, let us
consider the language equation
AeX CC. (1)

Definition 2.8 Given alphabets I, U, O, alanguage A over alphabet I x U and a language C over alphabet
I'x0,language B over alphabet U x O isa solution of theinequality Ae X C C (of theequation Ae X = C)
ifandonlyif Ae BC C (Ae B =C). B={isthetrivial solution.

Definition 2.9 Asolution S isthelargest solution of theinequality Ae X C C (of the equation Ae X = ()
if and only if it contains every solution, i.e, itissuchthatif Ae BC C (AeX =(C)then B C S.

Proposition 2.1 If the largest solution of the inequality A ¢ X C C is also a solution of the equation
A e X = (, then it is the largest solution of the equation A ¢ X = C, otherwise the equation has no
solution.

Theorem 2.1 Thelargest solution of the inequality A ¢ X C C isthelanguage S = A e C. Alanguage B
over alphabet U x O isasolutionof Ae X C Cifandonlyif BC AeC.

Proof. Consider astring « € (U x O)*, then avisin the largest solution of Ae X C C'iff Ae {a} C C and
the following chain of equivalences follows:
Ae{a} CC

(Aro N{a}ir)ixoNC =10

(Aro N{atir)rxo N (Ciu)ixo =0
(Ato N{a}irNCru)irxo =0

ATO N {a}n HUTU =0

(Aro N{atir NCru)wxo =0
{a}i)wxo N (Ao N Cru)wxo =0
{a} N (410N Crv)wxo =0

a & (Ao N Chu)wxo

a€ (Ao NCiu)uxo

acAe(C

by Prop. A.1(a) C = (Civ) 1x0
by Prop. A.2(d) since ((Civ)1xo0)1v = Chu

by Prop. A.2(d) since {a}1 = ({a}11)ux0)t1
by Prop. A1(a) ({a}ir)uxo = {a}

(I A

Therefore the largest solution of the language equation A ¢ X C C isgiven by the language

S=AeC. @)
Od

The proof formalizes the fact that the largest solution is the complement of all forbidded strings, i.e., the
strings that are accepted by the context A but are not in the specification C.

Definition 2.10 A solution Scp of the inequality A ¢ X C C'iscompositionally I-progressive if and only
if Scp is compositionally I-progressive, i.e., Ajo N Scpyr is I-progressive.

A compositionally I-progressive solution S p isthe largest compositionally |-progressive solution of
the inequality A ¢ X C C if and only if it contains every compositionally I-progressive solution, i.e., itis
such that if A e B C C and B is compositionally I-progressive, then B C S¢p.
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We would like to obtain again a complete characterization of such solutions (as Th. 2.1 does for the
largest solution), i.e., we would like to compute a set Scp C S, such that it contains all and only the
compositionally 7-progressive solutions:

1 if Ae B C CandAi,xo, N By, xo, 1SI-progressive, then B C Scp,
2. if BC Scpand Bis(Iy x U)-progressive, then Ae B C C and A, <0, N Bi1,no, iSI-progressive.

However, the problem of characterizing all compositionally I-progressive solutions is anon-trivial open
problem. In this paper we will work out part of the solution, by providing algorithms to compute a regular
language S¢ p such that:

1. if Ae BC C and Ay,x0, N Bi1,n0, IS I-progressive, then B C Scp.

Of course we could take the largest solution S asScp, but thisyvould not be an interesting result, so to make
the objective more interesting we look for aregular languageScp such that:

Pl if Ae B C Cand Ayr,x0, N Bir,no, isI-progressive, then B C Scp;
P2 S¢p iscompositionally I-progressive.

In other words, in obtaining Scp we should not "take away” from S too much, so that at the end every
compositionally I-progressive solution is still contained inScp. We call S¢p the largest compositionally
I-progressive solution, because each regular language L such that L ¢ Scp is not compositionally I-
progressive. However, it may happen that Scp contains also solutions that are not compositionaly I-
progressive, as Example 3.1 will show, when talking about regular languages corresponding to FSMs.

3 Synchronous Equations over FSM Languages

3.1 Languages of Finite State Machines

Definition 3.1 Afinite state machine (FSM) isa 5-tuple M = (S, 1,0, T, r) where S represents the finite
state space, I represents the finite input space, O represents the finite output spaceand T C I x S x S x O
is the transition relation. On input ¢, the FSV at present state p may transit to next state n and produce
output o if and only if (i, p,n,0) € T. Sater € S represents the initial or reset state. An FSM is said to be
trivial when T' = (), denoted by M.

Definition 3.2 If at least one transition is specified for each present state and input pair, an FSM is said to
be complete, otherwise it isincomplete or partial; similarly, a complete state has at least one transition
for each input, otherwise it isan incomplete state or anincompletely specified state or an undefined state
(under some inputs).

Definition 3.3 AnFSM M’ = (S, I',0', T',r") isa submachineof FSM M = (S,1,0,T,r) if S’ C S,
I'CI,OCO,=r,andT’ C T,i.e, T isarestriction of 7" to the domain of definition I x S’ x S’ x O’.

Definition 3.4 A deterministic FSM (DFSM) is an FSM where for each pair (i,p) € I x S, thereis at
most one next state » and one output o such that (i, p,n,0) € T, i.e, thereis at most one transition from p
under 7. An FSM that is not a DFSM is a non-deter ministic finite state machine (NDFSM).



Definition 3.5 An NDFSM is an observable FSM [10] (OFSM), a.k.a. pseudo-nondeter ministic FSM
(PNDFSM), if for each triple (i,p,0) € I x S x O, thereis at most one state n such that (i,p,n,0) € T.

Definition 3.6 A complete FSM is said to be of Moore typeiif (i, p, n,0) € T impliesthat for all 7 thereis
n’ suchthat (¢, p,n’,0) € T.

This definition is more general than the usual one to apply aso to non-deterministic FSMs.
Note In this paper FSMs are assumed to be complete and pseudo non-deterministic, unless otherwise
stated. It is always possible to convert a general NDFSM into a PNDFSM by subset construction.

Definition 3.7 GivenanFSM M = (S, 1,0, T, r), consider thefiniteautomaton F'(M) = (S, I1xO, A, r, S),
where ((i,0),s,s") € Aifandonly if (¢,s,5,0) € T. The language accepted by F'(M) when started at
state s € S is denoted by Ls(F'(M)) (s does not need to be an initial state), abbreviated as Ls(M) or
L(M), when s istheinitial state.

e € L,(M) because theinitia state isaccepting. An FSM M istrivial if and only if L.(M) = {e}.

Definition 3.8 Alanguage L isan FSM languageif thereisan FSM M such that the associated automaton
F (M) accepts L. The language associated to a DFSM is sometimes called a behaviour 2.

Definition 3.9 Sate ¢ of FSM Mp is said to be a reduction of state s of FSM M4 (M4 and Mp are
assumed to have the same input/output set), written ¢t < s, if and only if L,(Mp) C Ls(My). States t and
s are equivalent states, written¢ = s, ifandonly if t < sand s < t, i.e, when L,(Mp) = Ls(My). An
FSM with no two equivalent statesisa reduced FSM.

Smilarly, Mp is a reduction of M, Mp = My, if and only if ry,, the initial state of Mp, is a
reduction of rys,, the initial state of M4. When Mp < My and M4 < Mp then M4 and Mp are
equivalent machines, i.e.,, M4 ~ Mp.

Two equivalent states do not accept the same language (as accepting states), but generate the same language
(asinitial states).

3.2 Synchronous Composition of FSMs

The synchronous composition of two FSMs models the synchronous connection of sequential circuits. In
general, the composition of FSMsisa partialy specified function from pairs of FSMsto an FSM.

Consider a pair of FSMs: M4 with input alphabet I; x V' and output alphabet U x O;, Mp with
input alphabet I, x U and output alphabet V' x O,. We define a synchronous composition operator e that
associates to apair of FSMs M4 and Mp another FSM M 4 o M, with external input alphabet I = I; x I
and external output alphabet O = O; x O,. Henceforth, unless otherwise stated, weset I = I; x I, and
0= 01 X 02.

Definition 3.10 The synchronous composition of FSMs M4 and Mp yields the reduced observable FSV
denoted by M4 7.0 Mp (abbreviated as M4 e M), whose language is

[L(Ma)11,x05 NV L(MB)11, %0, | 11%0-

The FSM M4 e Mp can be complete or partial. In practice, we convert from the FSMs M, and Mp to
the automata accepting their FSM languages, operate on them and then convert back from the resulting
automaton to areduced and observable FSM. To obtain an observable FSM, a determinization step may be
required.

The language associated to a NDFSM includes a set of behaviours.
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3.3 Solutionsof Synchronous FSM Equations

Given alphabets I, I, U, V, O1, 02, an FSM M 4 over inputs I; x V and outputs U x Oy, and an FSM M
over inputs I; x I, and outputs O; x Os, consider the FSM inequality M4 e Mx < M, whose unknown
isan FSM Mx over inputs I x U and outputs V' x O,. The FSM M 4 is aknown component machine (the
context), the FSM M is the specification of the overall system and the equation defines the FSMs that in
place of My let the synchronous composition be areduction of the specification M.

Definition 3.11 FSM Mp is a solution of the inequality M4 e My < M (of the equation M4 e Mx ~
M¢), where M 4 and Mo are FSMs, if and only if M4 ¢ Mp < Mo (M4 e Mp ~ M¢).

Definition 3.12 A solution Mg of the inequality M4 e Mx < M¢ (of the equation M4 ¢ Mx ~ M),
where M4 and M are FSMIs, is a largest solution if and only if it contains every solution, i.e., it is such
that if M4 e Mp < Mo (M4 e Mx ~ M¢) then Mp < Msg.

An FSM largest solution is not unique because there may be different FSMs that accept the same language
and thus satisfy a given inequality or equation.

Proposition 3.1 If a largest solution of the inequality M4 e Mx =< M isalso a solution of the equation
Mae Mx ~ M¢, thenitisalargest solution of the equation M, e Mx ~ M, otherwise the equation has
no solution.

Operating on the FSM languages of the given FSMs, one applies Th. 2.1 to find the largest language
solution and then restricts the latter to be an FSM language (enforcing prefix-closure) [15]. Each FSM that
accepts this largest language solution is a largest FSM solution. Every FSM solution is a reduction of a
largest FSM solution, i.e., the behavior of any FSM that is a solution is contained in a largest solution of
the FSM ineguality, and also any reduction of alargest FSM solution is a solution of the FSM inequality;
however, not every reduction of a largest FSM solution is a solution of the FSM equation. The solution
procedure presented in [15] returns a PNDFSM as alargest FSM solution.

All the operations required to compute the solutions of FSM equations are carried out on the automata
corresponding to their FSM languages, according to the constructions mentioned at the end of Sec. 2.1.

3.4 Compositionally Progressive Solutions of Synchronous FSM Equations

In this paper we study FSM solutions Mp such that the language L(Ma)11,x0, N L(MB)11,x0, 1S I-
progressive. Such solutions, when combined with the context, do not block any input that may occur in the
specification, so they are of practical use.

Definition 3.13 A solution Mg, of the inequality M4 e Mx < Mc, where M4 and Mc are FSMs, isa
compositionally I-progressive solution if and only if L(Ma)17,x0, N L(Ms.p )11, %0, 1S I-progressive,
where I = I x I.

A solution MS‘CP of theinequality M4 e Mx < M¢, where M 4 and Mo are FSMs, isalargest compo-
sitionally 7-progressive solution if and only if it contains every compositionally 7-progressive solution, i.e.,
itissuchthat if M4 e Mp < Mc and Mp isa compositionally I-progressive solution then Mp < MScp'

Example 3.1 provides some intuition to the fact that, since generally the number of reductionsisinfinite,
the problem of characterizing all compositionally I-progressive solutions is anon-trivial open problem.
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Figure 2: lllustration of Example 3.1. (a) Context FSM My; (b) Specification FSM M; (c) Largest FSM so-
lution Mg; (d) DFSM solution Mg, , U-progressive and compositionally I-progressive; () DFSM solution
Mesg,, U-progressive, but not compositionally 7-progressive; (f) DFSM solution Ms,, U-progressive, but not
compositionally I-progressive; (g) DFSM solution Mg, , U-progressive and compositionally 7-progressive.

Example 3.1 Fig. 2 shows an instance of FSV language equation, where the FSMs for the context, speci-
fication and largest solution are given, respectively, in Figs. 2(a)-(c), whereas Figs. 2(d)-(g) portray some
deterministic FSMs (DFSMs) contained in a largest solution. All these solutions are U-progressive, but
two of them are not compositionally I-progressive; e.g., the DFSM in Fig. 2(e) is not compositionally I-
progressive, because its composition with M, yields an FSM undefined under input 4,. We claimthat largest

solution Mg in Fig. 2(c) isalargest compositionally [-progressive solution, however - as pointed out - it in-
cludes solutions that are not compositionally 7-progressive: by removing any transition from A4 we would

miss some compositionally I-progressive solutions. The key fact is that the union of two compositionally
I-progressive solutions may include a solution that is not compositionally I-progressive, e.g., the union of
the FSMsin Figs. 2(d) and (g) contains the FSMsin Figs. 2(e) and (f).

A sufficient condition to guarantee that a solution Mg is compositionally I-progressive is that Mp
satisfies the Moore property. If alargest solution has a complete reduction that is a Moore FSM, then this
reduction is a compositionally I-progressive solution. However, the equation may have a compositionally
I-progressive solution even if there is no Moore solution.

If alargest solution is compositionally I-progressive, thenit isthe largest compositionally I-progressive
solution. Otherwise, input-output strings that violate the property must be deleted from those accepted by a
largest solution, until what is left is compositionally 7-progressive or it is empty (there is no such solution).
The trimming procedure is not trivial, because in general alargest solution has an infinite number of input-
output strings. An alternative way is to delete states that are not 7-progressive from a largest solution.
However, we should not delete states directly. To understand the problem, consider the example (from a
publication in Russian by S. Zharikova et al. [13]) of context and specification in Figs. 5(a) and 5(b), whose
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solution isshown in Fig. 5(c). Thelargest solution in Fig. 5(c) is hot compositionally I-progressive, because
state (b, byas) is not defined under input i (see Fig. 5(d)). By deleting the state b, a2 from S to avoid that
state (b, byas) is generated in the composition, we would miss the reduction S of S shown in Fig. 5(€), that
isinstead compositionally I-progressive (as demonstrated by the composition in Fig. 5(f)). The fact is that
in the largest solution in Fig. 5(c) the state (b;, as) can be reached from the initial state via either the string
viuy Or the string viusvi w1, and we will see in Sec. 4 that these two strings behave differently with respect
to the property of the composition being progressive.

Related work has been reported in the Ph.D. dissertation by M. Vetrova at Tomsk (available only in
Russian) [12] about the special cases of the series and controller’s topologies, for which it has been computed
Scp that contains all and only compositionally I-progressive solutions.

3.5 Complete FSMsvs. Progressive L anguages

We show in this section that the notions that an FSM M is complete and that its language L((F(M))
is I-progressive turn out to be equivalent when the automaton F'(M) associated to M is deterministic.
This justifies the way in which FSM completeness, a structural property, and language progressiveness, a
behavioural property, are used where appropriate in the algorithms to compute a largest compositionally
progressive solution, introduced in Sec. 4.

AnFSM iscomplete when at al states atransition is defined under every input. A language over al phabet
I x O isI-progressive if, for each word « in the language and any i € I, thereiso € O, such that (i, o)
isin the language. From Defn. 3.7 in Sec. 3.1, to each FSM is associated a language. It is natural to ask
whether the language of a complete FSM is always I-progressive and vice versa, whether an FSM whose
language is I-progressive must be complete.

The answers are:

1. Given acomplete FSM, its associated language is I-progressive; the reason is that each word in the
language reaches an accepting state from which the word can be extended under every input to another
accepting state.

2. An FSM whose language is I-progressive does not need to be complete, asit is shown in Ex. 3.2.

3. A PNDFSM whose language is I-progressive is complete; the reason isthat each word in the language
reaches a unique accepting state (the underlying automaton of a PNDFSM is deterministic) and, since
the associated language is I-progressive, from that reached state there must be atransition under every
possible input.

Notice that in this paper we study the product L(Ma)1o N L(Mp)1r, where Mp is a PNDFSM (by con-
struction we obtain a PNDFSM as largest solution of a synchronous FSM equation, see [15]), and M, isa
PNDFSM by the assumption in Sec. 3.1; therefore the composition of M4 and Mg isa PNDFSM too, for
which the notions of progressive language and complete automaton coincide, as argued above.

The two following examples illustrate the previous statements.

Example 3.2 Fig. 3 shows an example of FSM whose language is I-progressive without the FSM being
complete. The FSM is shown in Fig. 3(d), and it is neither a DFSM nor a PNDFSM, because from state a1
under i; /o1 two different transitions can be taken. The FSM is not complete, because at state ¢3 thereisno
transition under input i. The language of the FSM is I-progressive because i101 can be extended both with
11 and i by taking the transition to state b2 and then the self-loops.
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By determinizing the underlying automaton one gets the FSM in Fig. 3(e) that isa PNDFSM and so is
complete. Notice that the notion of 7-progressive language is functional, whereas FSM completeness is a
matter of itsrepresentation: different FSMs may be chosen to represent the same language.

Snce in this paper we are discussing compositionally progressive languages, we show that the FSM in
Fig. 3(d) could have been obtained by starting fromthe FSMsin Fig. 3(a) and (b), and then computing their
synchronous composition as in Fig. 3(c), and finally projecting the composition over the alphabet 7 x O as
in Fig. 3(d).

Example 3.3 Fig. 4 shows two FSMs that are not complete and whose associated languages are not -
progressive. The FSM in Fig 3.3(a) isa DFSM that is not complete at state s3 (no transition under input
15) and whose language is not I-progressive (the word 70, cannot be extended with input 4,); the same
holds for the PNDFSM in Fig 3.3(b) (s3 is not complete under #, and the word i, 0o cannot be extended with
input i5). Snce we argued that a complete FSM has an I-progressive language, it is expected that when the
language is not I-progressive the FSM cannot be complete.

4 Computation of Largest Compositionally Progressive FSM Solutions

In this section we remind first how to compute progressive FSM solutions and then we set the stage for
two procedures to compute computationally progressive FSM solutions, that will be presented in detail,
respectively, in Sec. 5 and 6.

Given aregular language L over aphabet I x O, one can build IF"M | the largest subset of L that is
the language of an FSM over input alphabet 7 and output alphabet O; furthermore, by Proc. 4.1, one can
build Prog(LF5M), the largest subset of LSM that is the language of a complete FSM. Refer to [15] for a
detailed exposition.

Procedure 4.1 Input: FSM Language LM over I x O;
Output: Largest I-progressive FSM language Prog (L) over I x O.

1. Build adeterministic automaton A accepting LM,

2. Iteratively delete al states that have an undefined transition for some input (meaning: states such that
3i € I withno o € O for which there is an outgoing edge carrying the label (i, 0)), together with their
incoming edges, until the initial state is deleted or no more state can be del eted.

3. If the initial state has been deleted, then Prog(L*5M) = (. Otherwise, let A be the automaton
produced by the procedure and Prog(L5M) the language that A accepts. Any I-progressive FSM
language in LM must be a subset of Prog(LFM7).

We are interested to compute the subset of compositionally -progressive solutions L(M ), i.e., those
such that L(Ma)11,x0, N L(MB)11,%x0, is an I-progressive FSM language. Thus the composition (after
projection onto I x O) is the language of a complete FSM over inputs L x I, and outputs O; x Os. If
SESM js compositionally I-progressive, then ST5M isthe largest compositionally I-progressive solution of
the equation. Otherwise, let cProg(S™SM) be the largest compositionally I-progressive subset of ™M,
Conceptualy cProg(S¥5M) is obtained from S by deleting each string a such that, for some i € I,
thereisno (u,v,0) € U x V x O for whichit holds a (i, u,v,0) € Arr,x0, N STG, -

Given the largest solution S, a string o € S, is called compositionally progressive if there exists a
compositionally progressive solution including the string (in other words, there exists a compositionally
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Figure 3: Illustration of Example 3.2. (a) FSM My; (b) FSM Msg; (c) Product FSM Ma N Mg, , (lan-
guage not I-progressive and FSM not complete); (d) Synchronous composition My 7o Mg (language
I-progressive, but FSM not complete); (€) Determinization (of underlying automaton) of My er.o Mg
(language I-progressive and FSM compl ete).
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Figure 4: lllustration of Example 3.3. (a) Incomplete DFSM whose language is not 7-progressive; (b)
Incomplete PNDFSM whose language is not I-progressive.

progressive solution whose automaton accepts «). For instance, in Fig. 5(C), wusviu; € S iscomposition-
aly progressive, as witnessed by the compositionally progressive solution in Fig. 5(e). A string o € S, that
is not compositionally progressive, i.e., no solution including the string is compositionally progressive, is
called compositionally non-progressive. We say that such astring induces acompositionally non-progressive
solution. For instance, in Fig. 5(c), vyu; € S isnot compositionally progressive.

This suggests two options: either we delete all compositionally non-progressive strings from the largest
solution or we "split” states of the largest solution into equivalent states in such a way that each state of
the modified automaton S;,,;;; is reachable from the initial state either only by compositionally progressive
strings or only by compositionally non-progressive strings. A sub-automaton of .S,;;; restricted to the states
reachable by compositionally progressive strings yields the largest compositionally progressive solution.

The following procedures tell how to compute cProg(S™M). The one based on deleting composition-
ally non-progressive strings from the largest solution will be presented in Sec. 5. It requires a difficult proof
of termination (potentially there are infinite strings to be deleted). The approach based on state splitting is
described in Sec. 6.

5 Computation by String Removal
The following procedure tells how to compute cProg(S™5M),

Procedure 5.1 Input: Largest prefix-closed solution S™5M of synchronous inequality A ¢ X C C and
context A;
Output: Largest compositionally I-progressive prefix-closed solution ¢cProg(SFSM).

1. Initidizeito1land S' to SFSM,

2. Compute R' = At1,%x0, N S}y, 0,
If the language R’ is I-progressive then cProg(S7°M) = S°,
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Otherwise

(@ Obtain Prog(R'), the largest I-progressive subset of ',
(b) Compute 7" = S\ B?, where B* = (R' \ Prog(R"))|1,xUxV xOs-

3. 1f T8 FSM — () then cProg(STSM) = ().
Otherwise

(@ Assign thelanguage 7% 7'M to §7t+1,
(b) Increment ; by 1 and goto 2.

Theorem 5.1 Proc. 5.1 returns the largest compositionally 7-progressive (prefix-closed) solution, if it ter-
minates.

Proof. By construction, when it terminates, Proc. 5.1 returns a language S*! that is a compositionally
I-progressive solution.

It must be proved that S**! isthe largest compositionally I-progressive solution, i.e., that any composi-
tionally I-progressive solution L™ s contained in S+1.

The proof goes by induction. By construction LF'SM C §1 (LFSM jsasolution). Suppose by induction
hypothesis that LFSM C S and let us prove that LM C S+l Since LF'SM C S, the language
R = Ai,x0, N Lfﬁi”ol isasubset of R = Ajp,%0, N S%hxol- As the language R is I-progressive
then it is a subset of Prog(R'), that is by construction the largest I-progressive subset of R, and so by
logical implication LF9™ does not intersect (R’ \ Prog(R))|1,xuxvx0,- Therefore LM js contained
in the largest FSM language that isasubset of T8 = S*\ (R"\ Prog(R"))| 1, xux Vv x0,, that is by definition
Ti FSM — gi+1 Note that alargest compositionally progressive FSM solution may not be a submachine of
any largest FSM solution, whereas any largest FSM solution has a largest FSM solution that is a complete
FSM as a submachine and a largest FSM solution that is a Moore FSM as a submachine (if such solutions
exist) [15].

Finaly if S**t! = (), from the fact that any compositionally I-progressive solution "™ must be con-
tained in S**1, it follows that LM = (), i.e., there is no compositionally I-progressive solution. O

Example 5.1 Given the FSMs M, and M¢ in Fig. 5(a)-(b), the largest language solution S in Fig. 5(c) of
the inequality M, e Mx < My is U-progressive, but not compositionally I-progressive, because R =
AN S}y o, INFig. 5(d) isnot I-progressive (S = S¥5M), given that there is no transition under input i
fromthe state labeled by (b, by a2 ). The steps of Proc. 5.1, Figs. 6(a)-(b) and 6(c)-(d), show the computations
to find S%; since R* = AN S, o, in Fig. 6(e) is I-progressive, S* is compositionally I-progressive and
cProg(STSM) = S2, Finally Mg in Fig. 6(f) isa largest compositionally I-progressive FSM solution.

Theorem 5.2 Proc. 5.1 terminates.

Proof. The proof is given in the Appendix A. O

The proof relies on the observation that the states of the DFA accepting I recognize languages that are
combinations through a number of basic operators of the languages recognized by the states of the DFA
accepting R!. This fact can be established also for the successive iterations 12, meaning that also the
languages of the states of the DFA accepting R can be expressed as afinite combination of the languages of
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the states of the DFA accepting R'; this property can deliver a proof of termination, when cast in the frame
of an induction argument.

To provide someintuition about the proof we analyze the structure of the automaton recognizing £, asit
is derived from the onerecognizing R'. Consider thelanguages R' and R?, where R" = A11,x0,05};, 0,
and R? = A, 50, N S%leol- The language R! isrecognized by the DFA F!' = (SY I} x I, x U x V x
O1 x O, A, 7", Q"), and each accepting state g € Q*, j € J' = {1,...,|Q"|}, recognizes the language
L(gj) ?. Notethat Q' = Qp UQ} p, Where Q} isthe subset of progressive states and Q}y p is the subset of
non-progressive states. The following derivation expresses I as afunction of R!:

R2 = ATIQXOQ mS%thl
Atrx0, NS\ (R Prog(RY)) | 1,xUxvx0s)11 %04

= Ao, N[ST N (RY\ Prog(RY)) | 1,xUxvx0s)11 %0
= AiLx0, NS0, N((RY\ Prog(RY)) | 1,xUxV x02) 111 %0,

1 N
= ATIQXOQ ﬂSThXOl ﬂBlThXOl
= R'n BlTllel

using the fact that (L1 N LQ)T[ =14 Al Lo 17 by Prop. A.2.
L et us examine the constructive steps leading from language R to language R?.

e Language R'\ Prog(R'). It isrecognized by the DFA Fyp = (S1, I} x b x U x V x O1 %
Oq, Al 1!, QL 1), where QX p is the subset of non-progressive states of ', Each accepting state
q' € QX p recognizes the language L(q").

e Language B! = (R'\ Prog(R'))|1,xuxvx0,- Itisrecognized by the NDFA Fj, = (S*, I, x U x
V x Oq, Al r! QL p), that is the projection of Fi, onto I, x U x V x O,. Each accepting state
q' € QY p recognizes the language L(q') |1, x U x Vv x 0y -

e Language R? = R'N((R'\ Prog(RY))|1,xuxvx0s)15x0; = R'NBLi1, x0,. Tocomplement B,
the NDFA of B! must be determinized yielding aDFA F}, = (S I, x U x V x Oy, Al #1 Q1)
whose states are subsets of states of B!; each state of the determinized automaton recognizes a lan-
guage that isthe intersection of the languages recognized by the statesin the related subset. Therefore
each accepting state ¢! € Q', j € J' = {1,...,|Q"[} issuchthat ¢} = {¢} | h € H} C J'} and
L(q]l) = Nhemicn L(q}) 1 xuxvx0,- Moreover, adon't care state {dc} is added, which recog-
nizes the language obtained as the complement of the union of the languages recognized by the states
of the determinized automaton:

L{de) = | L@h= (L@ =) [) ZL@)inxuxvxo,

jeJgi jeJgt jeJlheH CJ!
_ 1 _ 1
- ﬂ U L(qh)lIQXUXVXOQ - U m L(qk)llngxVxOg-
j€J1 heH} CJ! KekcaJl keKCJ!

By Def. 2.3, givenan FA F' = (S, %, A, r, Q), the language accepted or recognized by s € S, denoted L, (F|s) or L,(s), is
the set of words whose runs from r reach s.
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The DFA of B! is obtained by switching accepting and non-accepting states of the determinization
of B!. Finaly the language R? is recognized by the DFA F? = (S?, I} x Iy x U x V x Oy x
04, A%, 72, Q?), obtained by intersection of the automata of B' and By, xo,. So each accepting
state ¢ = (q;,4,) € Q°, j € J* = {1,...,|Q?|}, recognizes the language L(q;) expressed in the
following form: if ¢, is not the dc state

L(Q]z‘) = L(le') N m (L(qilz)l12><U><V><O2)T11><017
heH ;CJ!

otherwise if g} isthe dc state

L(Q?) = L(Q]l') AN U m (L(q]i)lIQXUXVXOQ)Tllxol]
KekcaJl ke KCJ!

- U [L(q]l) N m (L(qli)llngxVsz)Tthl ]
Kekca/? keKCJ!

We used the fact that (Ll ULQ)T[ =14 17 U Ly 17 and (L1 ﬂLQ)TI =14 11 N Ly 17 by Prop. A.2. We
note that H jl cannot be empty, since it corresponds to a non-empty subset of states of R, and that for
the dc state we consider only non-empty subsets K.

6 Computation by State Splitting and Removal

Before stating formally agorithms and theorems, we explain intuitively the state splitting procedure. When
we combine the context with the largest solution, we may reach a non-progressive state as such that the
projection of the language accepted by state as is strictly contained in the language accepted by state s.
Suppose that we delete state as from the intersection and state s from the solution, then the consequence of
removing state s is that we delete both strings that are compositionally progressive and strings that are not.

As an example, consider the automata in Fig. 5(c) (largest solution) and Fig. 5(d) (intersection of the
context and the largest solution). InFig. 5(d) there is anon-progressive state (b, § as) (undefined under input
i2). The projection of the language accepted by state (b, b as) isaproper subset of the language accepted by
state byas inthe largest solution; e.g., state b; a, of the largest solution accepts the string v us v1uq that does
not belong to the projection of the language accepted by state (b, h as) (since the string i, v1u201 i9v1u101
reaches state (a, by az)).

In our example, by deleting state (b, b as) from the intersection and state b a5 from the largest solution,
one would delete both

1. the compositionally progressive string v use v1u1, Whose lifting iy v1us01 igviui071 drives the inter-
section to the |-progressive state (a, bjaz), and

2. stringsthat are not compositionally progressive, e.g., v u1, whose lifting i v uq 03 drives the intersec-
tion to the state (b, byas) that is not I-progressive.

The fact is that in general a state accepts both strings that are compositionally progressive and strings
that are not. To avoid it we split such a state into several states is such away that each state after splitting
accepts either only strings that are compositionally progressive or strings that are not. This will hold if the
projection of the language accepted by state as coincides with the language accepted by state s. The question
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is how to construct a new automaton with that property and equivalent to the largest solution. We observe
that for each string « in the language of the largest solution there is at least one string in the intersection of
the context and the solution whose common projection is a.

Therefore we merge states with the goal that strings with a common projection drive the intersection
into a single state s (these states have the same second state component, because the solution automaton is
deterministic). As a result, when intersecting the new automaton %@ﬁy (whose states are merged states,
like 3) with the context A, the projection of the set of strings that drive the intersection A N 77} from
the initial state to state a3 is equal to the set of strings that drive 5 7} from the initial state to 3. Thisis
achieved by projecting the intersection of the context and the largest solution, then determinizing without
final state minimization of the determinized automaton.

Back to the example, given the string oo = v driving the solution to state by as, the strings i;v1uq03
and i;v1u101 have the same projection « and drive the intersection, respectively, to states (b, ja2) and
(a,brasz). Therefore, thestates (b, byaz) and (a, bias) aremerged into asingle state s* = {(a, byaz), (b, a1b2)}
and we get the “restructured” largest solution S% 7, see Fig. 7(c).

The projection of the language accepted by the non-progressive state s, = (b, {(a, bia2), (b, b1asz)}),
where s, is in the intersection of the context A with the largest solution 7, is equal to the language
accepted by the state {(a, byaz), (b, biaz)} in the largest solution SZ7; similarly the projection of the
language accepted by the progressive state s = (a, {(a, b1a2), (b, bias)}) isequal to the language accepted
by the state {(a, b1az), (b, b1az)} in the largest solution Sfj’oﬁy.

So, under vyuy, SE7) reaches state s* = {(a, bias), (b, a1bz)}, while the context A reaches either state
a or state b, i.e., the intersection of A and ST 7 reaches either state s5 = (a, {(a, biaz), (b,bias)}) or State

split
S4 = (b7 {((1, b1a2)7 (ba bla’2)})'
The following procedure tells how to compute 577, Notice that in the following, as elsewhere, we
blur the distiction between a regular language, say S™°M, and the finite automaton that decides it, say

F(STSM) and to avoid clumsy notation normally we denote both with S5

Procedure 6.1 Input: Largest prefix-closed solution S™ of synchronous inequality A ¢ X C C and
context A;

Output: SE73.

Initialize S to SFSM
Compute R = Aj1,x0, N St1,x0; -

Sspiit 1S the automaton obtained by determinizing R 7, <7 x v x 0, -

A w0 NP

Add to S, the dc state (self-looping under all inputs), and the following transitions to it: for each
transition in .S under i;uvo, from state ¢ to state dc, add atransition in S, under iouvo, from each

state containing astate (s;, ¢), s; € A, to state dc. Set sz;ﬁff to Sspiit-

Theorem 6.1 The automaton S©7) returned by Proc. 6.1 is such that

1. S5 isequivalent to the automaton 5™ (i.e., to the automaton deciding the language S™).

2. For all states a3 of the automaton A;7,x0, N SEZM ) o, the projection onto I, x U x V x O of
the language accepted by state a5 of the automaton A;7, 0, N sz;ﬁ% 1,x0, 1sequal to the language
accepted by state § of the automaton S, (8 # de state).
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Pr oof.

1. Inorder that S > isequivalent to the largest solution S one adds to the automaton obtained by
determinization all strings of the largest solution that do not match when composed with the context.
Indeed, the automaton obtained by determinizing R, 7, « i xv x 0, accepts al strings that can be com-
posed with the context. Each string ai;uvoo of the largest solution such that o can be composed with
the context, whereas aisuvo, cannot, and each extension thereof, take the largest solution to the dc

state, so they must be added to .S ;.

2. The statement does not hold for 5 = dc state, because A; 1,0, N SL 741, .o, doesnot have such state,

whereas SE7M | does. Consider the automaton S% >3/, obtained by determinizing (Atz,x0, N

Sti1x01 )1 xUxV x0, and a state § of Sf}%” , Where by subset construction 3 is a subset of states
of ATIQXOQ N ST11><O11 e, § = {als, R ,aks}, a;s € ATIQXOQ N ST11><O1' The reason why the
second item in the pairs of s isthe same s isthat a string « is accepted by a state of this intersection
if and only of its projection on A is accepted by a corresponding state of A and its projection on S is
accepted by a corresponding state of S; since S is deterministic, there is a unique state s to which the
projection of « takes .S and thus the second item in the pairs of agiven s isthe same. For thegiven § =
{ais,...,ays}, consder the sets of strings {45}, a;s € 8, wherethe set {3, s} contains the strings
taking the automaton Az, 0, N St1,xo0, from theinitia state to state a;s. By subset construction,
the set of strings {o; } taking the determinization of the automaton (A;7,x0, N S11,x01) | I xUxV xO0s
from the initial state to state s is such that {a;} = ﬂajseg{ﬁajs}wwxvxog, foralajs € 3,i.e,
the intersection of the (I, x U x V' x Oz)-projections of the sets {3,,s} is exactly equal to the set
{as}. Moreover, each state as such that {3,s} 17, xuxv <0, intersects {a;} isin the set 5. Now we
prove that the (I; x U x V' x Os)-projection of the language accepted by state a$ of the automaton

Ar,x0, N SESM 0, isequal to the language accepted by state 5 of the automaton <7} .

We show first the C containment relation. Given state § = {as, . .., axs} of the automaton S27,
consider the state a3 of the automaton A; 7, <0,NSETM 1 o, - String 3 takesthe automaton At 7, . 0,N
SEIM T <o, fromtheinitial state to state a5 only if the (I x U x V' x Oy)-projection of 3 takes the
context A fromtheinitial stateto state a and the (L x U x V x O5)-projection of 3 takes the automaton
from the initial state to state 5. Thus, the set of (L x U x V' x Os)-projections of strings that take
the automaton As7,x0, N SETM o, from theinitial state to state a3 is a subset of the set {os} of

strings that take the automaton S% >} from the initial state to state 3.

Now we show the D containment relation. Given astring o € {az}, where {a;} isthe set of strings
that take the automaton SP7}" from the initial state to state 8, by construction of S} there is a
string 3, with 3| 1, xuxv <0, = o, that takes the automaton A;,»0, N St xo, from theinitial state
to a state as, where a € Ajr,x0, ad s € Sirx0,. Since B, xuxvxo, intersects {oz} (a €
B xuxvxo, N{as}), as inthe set §, i.e., the string 3 takes the automaton A;7, <o, N Sf;ﬁ%lxol
from the initial state to state as. Therefore, the set of (L x U x V' x Os)-projections of strings that

take the automaton Ay, 0, N SEZM, | o, from theinitial state to state a3 contains the set {os }.
From the two previous containment relations, we conclude that the (5 x U x V' x O9)-projection of
the language accepted by state a3 of the automaton 47,0, N Sﬁ,ﬁ% ,x0, 1S €qual to the language

accepted by state 3 of the automaton .7 7.
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Example 6.1 Referring to Ex. 5.1, consider the largest solution S and the composition A N S 7, xo,, with
S = SFSM ghown, respectively, in Figs. 5(c) and 5(d). As already noticed, the largest solution S is U-
progressive, but not compositionally I-progressive (there is no transition from (b, (b1, a2)) under input ).
Figs. 7(a) and 7(b) show, respectively, the projection of the composition R = (A N S, x0,) v xv and its
determinization (state (a, a; ) has two transitions under v;u4). Adding to the determinized automaton the dc
state and related transitions, one obtains S. 7}, shown in Fig. 7(c).

Notice that states (a, bias) and (b, byas) are equivalent. A caveat about merging equivalent states: a
state that accepts compositionally progressive strings should not be merged with an equivalent state that
accepts compositionally non-progressive strings. This explains why in general one cannot obtain the largest

compositionally I-progressive solution simply by removing states from the largest state-minimized solution.

Notice that the automaton SZ 7' must not be minimized: it is redundant on purpose (and equivalent to

SFSM) to serve as starting point to the following procedure that deletes states to obtain the largest compo-
sitionally progressive solution.
The following procedure tells how to compute cProg(S™M).

Procedure 6.2 Input: Largest prefix-closed solution 274 of synchronous inequality A ¢ X C C and
context A;
Output: Largest compositionally I-progressive prefix-closed solution cProg(SFSM),

1. Initigizeito 1and S to SE7M.

2. Compute R? = Atpyx0, N S%Il xO1*

3. If thelanguage R’ is I-progressive then cProg(S™5M) = S°,
Otherwise

(@ Determine the set of states B of R that are not I-progressive, i.e., B = {sr}, sr € Ri,s €
AtL,x0,:7 € S 0, @d sr isnot I-progressive,

(b) Obtain S™*1, by deleting from S* each state r such that 3s,s € Ay, x0,, for which sr € B
(reS'ifandonlyifre Si, o).
(c) If theinitial state is deleted then cProg(S™M) = .
Otherwise
i. Obtain R, by deleting from R' each state s'r, s’ € Ai1,x0,,7 € Siy, 40, Such that
ds,s € Atr,x0,, fOr which sr € B.
ii. Increment 7 by 1 and go to 3.

Theorem 6.2 Proc. 6.2 returns the largest compositionally 7-progressive (prefix-closed) solution.

Proof. We defineinductively k-non-cprogressive states, k > 0, asfollows. A state 5 of the automaton 7}

is called 1-non-cprogressive if thereisastate a € A;1,x0, such that a3 isastate of A;r,x0, N SETN L0,
and as is not I-progressive. A state $ is called (k+1)-non-cprogressive if it is k-non-cprogressive or there
exists astate as of the automaton Ay, Xongf;ﬁ% 1,x0, daninputiyis € I suchthat every transition from

a$ of the type i1 19uvo; 0 takes the automaton to a state whose second component is a k-non-cprogressive
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Figure 7: lllustration of Example 6.1. (8) (A N Si1,x0,) v xu; (b) determinization of (A N S;7,x0,) v xU;
() Ssgﬁft‘/f.
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state. A state § is called non-cprogressive if it is k-non-cprogressive for an appropriate k; otherwise, s is
called cprogressive.

Since Proc. 6.2 deletes from ngiy only non-cprogressive states, to prove the thesis it is sufficient to
show that a compositionally progressive solution has no string that takes 4752 to a non-cprogressive state.

split
The proof goes by induction on index k.

Base case
Let $ be a 1-non-cprogressive state of Sf;jiy . By definition of 1-non-cprogressive, there exists a state as of
the automaton Ay 7,0, NSEH | o, that isnot I-progressive. Moreover, by the characterization of &7

established by Th. 6.1, for each string « that takes the automaton 5 73" from the initial state to state 3 there
existsastring 3, with 81, xxvx0, = a, that takes the automaton Az, 0, N Sf;ﬁ%hxol from the initial

state to state a5. Since state a3 is not I-progressive, astring o taking the automaton 73 from the initial

state to a 1-non-cprogressive state is not in a compositionally progressive solution. That proves the base
case by contradiction.

Inductive step

Theinductive hypothesisisthat acompositionally progressive solution has no string that takes the automaton
Sfj’oﬁy from the initial state to a k-non-cprogressive state, 0 < k£ < m. Assume by contradiction that a
compositionally progressive solution has a string « that takes the automaton Sf;ﬁy from the initial state to

an m-non-cprogressive state, 5. Then, again by the characterization of & 7} by Th. 6.1, for each state a3

of the automaton A;7, %0, N Sgﬁft‘{hxol, there exists astring 3, with 8, xyxvx0, = «, Which takes the
automaton Az, x0, N Sgﬁ% ,xo, fromtheinitial state to the state as; moreover, by definition of m-non-
cprogressive state s, (since it is not (m — 1)-non-cprogressive by induction hypothesis) there is an input
112 € I, such that every transition from as of the typei,isuvo; 0, takes the automaton to a state whose
second component isa (m — 1)-non-cprogressive state.

Since by induction hypothesis state § is not 1-non-cprogressive, for the giveni, i, there is a quadruple
uvoy02 such that the given string a can be extended, from state 3, by the (b x U x V' x Os)-projection
of 1139uv0;09; by the previous observation [that every transition from as of the typeiiouvo, 0y takes the
composition automaton to a state whose second component is a (m — 1)-non-cprogressive state] aso the
6-tuple 11i5uv01 0o takes the composition automaton from state a§ to a state whose second component is a
(m — 1)-non-cprogressive state. Therefore, the compositionally progressive solution has a string that takes
the automaton ngy fromtheinitial state to a (m — 1)-non-cprogressive state, which contradicts the induc-
tive hypothesis. O

Example 6.2 Fig. 8(a) shows R! computed by step 2. of Proc 6.2. Since state (b, {(a, biaz), (b,b1az)}) is
not defined under iy, the language of automaton R' is not 7-progressive. The set of incompletely specified
statesis B = {(b, {(a,b1a2), (b,b1a2)})} (no transitions under iy). Since B contains only one state, we
remove from S* the state s* = {(a, b1az), (b, baz)} and obtain S? drawn in Fig. 8(b). The same witness
s = b (from (b,{(a,bra2), (b,b1a2)}) € B) tedtifies that the states s, = (b, {(a, bia2), (b,b1a2)}) and
s5 = (a,{(a,biaz), (b,b1az)}) must be removed from R!, yielding R?, as shown in Fig. 8(c). Given that
R? is I-progressive, it results that S? is the largest compositionally progressive solution.

Example 6.3 Figs. 9 and 11 show the main steps to compute the largest compositionally progressive solu-

tion for the FSV equation given in Figs. 9(a)-(b), whose largest solution isin Fig. 9(c). Figs. 10(a)-(e) show
some detailed intermediate steps in the computations of Fig. 9.

24



11U2U1 02

iQUQU102
11V 02
i101U103 i202U102
I Ul O 1U1U101
1021102 {01010 a, (a,bla2))

b, (b,02))
b

,{(a,bla2), (b,bla2)})
{(a,bla2), (b,b1la2)})

1UIUB

!

i1U1U203

s1=(
sy = (
83:(
s4=(
s5 = (

a,

(@)

. i1U2U102
12U2U109

iﬂ)ﬂig

=

V1 U 1101 U203

(b) (c)

Figure 8: Illustration of Example 6.2. (8) R' = AN S}, o, Where 5 = SEZM: (b) S2; (c) R%.
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The results of the main steps of Proc. 5.1 are presented in Figs. 9(d)-(I), whereas the main steps of
Procs. 6.1 and 6.2 are given in Figs. 11(a)-(g). In the latter computation, the set of incompletely speci-
fied states of R! isgiven by B = {(b,{al,b1})} (State (b, {al,b1}) is not specified under ;). Then S?
is obtained by deleting state {a1,b1} from S', and R? is obtained by deleting states (a, {al,b1}) and
(b,{al,b1}) from R!. Since R? is I-progressive, it follows that S? = cProg(ST5M).

Example 6.4 Applying either the string removal procedure or the state splitting and removal procedure to
the equation of Example 3.1, one obtains the largest compositionally progressive solution anticipated in
Fig. 2(c).

If |A| (]S]) is the number of states of context A (largest solution S), the worst-case computational
complexity of Proc. 6.1 is at least O(2‘A||5 ‘) (a sharper bound is to be determined), and the worst-case
computational complexity of Proc. 6.2is O(|A[.241151).

7 Conclusions and Future Work

We investigated compositionally progressive solutions of synchronous FSM inequalities and equations.
Such solutions, when combined with the context, do not block any input that may occur in the specification,
so they are of practical use.

They are solved by reducing them to inequalities over languages associated to the FSMs and studying
compositionally progressive solutions of language inequalities. We showed that if there isacompositionally
progressive language solution, then there isthe largest compositionally progressive language solution. If the
largest language solution is compositionally progressive, then it is the largest compositionally progressive
language solution. If the composition of the context with the largest compositionally progressive solution of
the inequality is equivaent to the specification then it is the largest compositionally progressive solution of
the equation.

Otherwise, input-output strings that violate the property must be deleted from those accepted by the
largest compositionally progressive solution, until what is left is compositionally progressive or it is empty
(there is no such solution).

We explored two options. either delete all compositionally non-progressive strings from the largest
solution or split states of the largest solution into equivalent states in such a way that each state of the
modified automaton S,,,;;; is reachable from the initial state either only by compositionally progressive
strings or only by compositionally non-progressive strings. A sub-automaton of §,,;; restricted to the states
reachable by compositionally progressive strings yields the largest compositionally progressive solution, if
it exists. At the end an FSM is obtained whose language is the largest compositionally progressive solution
computed by either algorithm. Since there may be more than one FSM corresponding to that language we
say that it is alargest compositionally progressive FSM solution.

It is noticeable that it may be the case that a largest compositionally progressive FSM solution is not a
submachine of any largest FSM solution, even though experiments showed this to be a rare occurrence in
practice. Instead a largest FSM solution that is complete and a largest FSM solution that is Moore are a
submachine of any largest FSM solution.

The theory outlined in this paper can be extended to more general formulations of the problem, e.g.
when the FSMs are not complete or are not observable. For instance, a more general problem would be,
given the specification M whose language is not /-progressive, find a solution Mg that is:

e o least as progressive as M, i.e., the automaton of L(Ma)1r,x0, N L(MB)11,x0, IS free to do
whatever it wants when the automaton of L (M) is undefined, or,
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Figure 9: lllustration of Example 6.3. (a) FSM My; (b) FSM Mc; (c) Largest solution Mg; (d) R' =
AN STlthl’ with ST = SFSM: (g) Prog(R'); (f) R\ Prog(R"); (g) B' = (R! \ Prog(RY)) vxu; (h)
T' = S\ B (i) R = AN SF; o, With 52 = T F5M; (1) Largest compositionally progressive FSM
solution Mgs>.
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(d) ©
Figure 10: lllustration of Example 6.3. (a) S'; (b) B'; (c) Determinization of B'; (d) BL; (e) T" = S'\ B.
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Figure 11: lllustration of Example 6.3. (a) A N Sy,
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«0p, Where S = SESM: (b) (AN Sy, 0,)uxv;

(d) R' = AN S}y 0, Where ST = SEFM: (e) S°

obtained by deleting state {a1, b1} from St; (f) R? obtained by deleting states (a, {a1,b1}) and (b, {al,b1})
from R'; (g) Largest compositionally progressive FSM solution Mss.

29



e exactly as progressive as Mc, i.e., the automaton of L(Ma)1r,x0, N L(MB)11, x0, blocks exactly
the inputs blocked by the automaton of L(M).

Notice that partial specification, i.e., a state is undefined (‘blocked’) under input 2, could be modeled
explicitly asfollows:

1. Add aself-loop on input ¢ with adesignated output ERROR (the systems informs of an invalid input,
but it continues to function), or,

2. Add atransition oninput i with adesignated output ERROR to an ERROR state that outputs ERROR
on every input (the systems fails under an invalid input and cannot resume its normal operation).

Finally, some of the alphabets on which M4, M and M are defined may be empty and so the lifting
or projection operations will be performed only with respect to the non-empty alphabets. Moreover, some
internal signals may be observable, i.e.,, U and/or V' may be also external outputs. The results of this paper
can be extended al so to these more general topologies.

A further variant of the problem would be to enforce output-progressiveness, meaning that no output
that can be produced by the specification should be blocked.

Future work includes studying restricted classes of equations for which we can guarantee a complete
characterization of compositionally progressive solutions, i.e., we can compute .5 p that contains (all and)
only complete solutions that are compositionally progressive, as done for the series and controller’s topolo-
giesby M. Vetrovain her dissertation [12].
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Appendix

A Proof that Proc. 5.1 Terminates

The following proposition has been proved in [15].
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Proposition A.1 The following relations hold.
(a) Given alphabets X and Y", and a language L over alphabet X, then (I1y),x = L.
(b) Given alphabets X and Y", and a language L over alphabet X x Y, then (L x )1y 2 L.

Proposition A.2 The following distributive laws for T and | hold.
(a) Let L1, Lo belanguages over alphabet U. Then T commutes with U

(L1 ULg)tr = Ly 17U Lo 4y

(b) Let L1, Lo be languages over alphabet U. Then T commutes with N
(LN La)r = Lyr N Loy

(c) Let Ly, Lo be languages over alphabet U. Then T commutes with N
(LiNLa)ir =Ly N Ly gy

(d) Let M, M, be languages over alphabet 1 x U. If My = (My )11 (or My = (M v)1r) then |
commutes with N

(Ml N M2)1U = M, wn My \U-
Theorem A.1 Proc. 5.1 terminates.

Proof. We show by induction that the language R = A11,x0, N S, ., isrecognized by the DFA F* =
(S', I x Iy x U XV x O1 x O, A", 7, Q"), such that each accepting state ¢, € Q°, j € J* = {1,...,|Q[},
recognizes the language L(q}) =

U [L(qll;,) N () (L@ inxuxvxo)inxo, 0 [ L) inxuxvxo)inxo, - (3)
Hemnicolt heHCJ! kEKCJ!
iC

Ke/c;lgzﬂ

where I} € J',H} C 27", K C 27" and 4+ 45, qp € Q. Moreover, H, K # (), since we consider
J

only non-empty subsets of states of F—!; without repeating it each time, we will consider only non-empty
subesets H and K also in related formulas of the induction step.

Therefore the language R’ can be represented as a finite combination (through unions and intersections)
of the languages and/or complements (under appropriate liftings and projections) of the states of the DFA
accepting R'. Therefore the number of such languages isfinite. Moreover, S c S~ and, correspondingly,
R Cc R, i.e, the sequence of languages { R} must terminate either with the empty language or with a
progressive language.

Induction basis The basis of the induction is shown by the previous observation on the expressions that
represent the languages recognized by the states of the DFAs accepting R and R?.

Induction step Suppose that the induction assumption (specified by Eq. 3)) holds for ~! and show
that it holds also for R'.
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The following derivation expresses R as afunction of R\—1:

R = A0, NSt <o,
Arnx0, NS\ (RN Prog(R™Y) 11,50 xvx0s) 11 %01
Atyx0, NSO (RIZIN Prog(RI1)) 1,0 xv x0s]1 1 x 04
= Aix0, N Sﬁlxol N (RN Prog(R'=1)) | 1 xUxV x02) 11 x 04
= Aix0, N Si o, VB <0,
= RT'NBL .0,

using the fact that (Ll N LQ)TI =1, 17N Lo 11 by Prop. A.2.
By the induction hypothesis, in the equation

R = R"! HFThXOl

language R'~! is recognized by the automaton F"~! such that each state of F*~! accepts alanguage, which
can be expressed as a composition of languages recognized by states of i according to Eq. 3. Our goal is
to show that also language R; has the same property.

L et us examine the constructive steps leading from language R~ to language R'.

e Language R'~!\ Prog(R~1). Itisrecognized by theDFA Fjp = (S™L 1 x Iy x U x V x O1 x
O, A1 i1 QL) where Q'3 is the subset of non-progressive states of (J~!. Each accepting
state ¢! € ’]\7; recognizes the language L (¢ '), which by induction hypothesis can be expressed
in the form of Eq. 3:

U [L(qll;}l)ﬂ (| (L(@h) 1 mxuxvxo)inxo, N [ (L(a}) 1 mxuxvx02)1nx00 )s

i coJdt heHCJ?! keKCJ!
HeH;C2

Kekic2/!
s s 1 . 1
wherel/™' € J1, HiT C 27 K C 27, and a1, a3 ah € Q"
J

e Language B'~! = (R'™'\ Prog(R"™"))|1,xuxvxo0,- It is recognized by the NDFA Fj; ' =
(SU, Iy x U x V x O, A1 =1 Qig 1), that is the projection of Fj;,3 onto I x U x V x Oa.
Each accepting state ¢'~! € Q' recognizes the language L(¢ 1)1, xrxvx0,, Which can be ex-
pressed in the form

U [L(g}i 1)1 xUxvx0, N () L@)imxuxvxo, 0 [ L(a}) mxuxvxo, ],
J

. 1 1
HE'H;QQ‘]l hGHQJ k:ngJ

Kekica/ !

where Ii™" € JNHIT C 27" Ki € 27" and 1, qh b € Q. We used the fact that (M; U
j -
MQ)lU =M v J M, U and (Ml N M2)LU =M wn M, U if My = (Mg lU)TI by Prop. A.2.

o Language R' = R'™' N ((R™\ Prog(R'™)) | xuxvxo.)inxo, = B7HN B0, To
complement B*~!, the NDFA of B*~! must be determinized yielding a DFA F%j_ll = (8", I, x U x
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V x Oy, Ai=1 #~1 (i1} whose states are subsets of states of B'~!; each state of the determinized

automaton recognizes a language that is the mtersectlon of the Ianguag% recognized by the states
in the related subset. Therefore each accepting statec? eQl je g =1{1,...,|Q" }is

such that cj; L={g ' ke KZ L'c J=1} and L(AZ by = ﬂkeK;_lgi,l L(g~ )1[2><U><V><02-

Therefore, by intersecting the Ianguages of the states in the related sujbset, the language of each state
can be expressed in the form

Nl U [E@)imxoxvxo, 0 () L@)inxuxvxo, 0[] L@ 1mxuxvx0, )],
J

. 1 1
HGH;QQ‘]l hGHgJ k‘GKgJ

Kelcg'.gﬂ

whereli™! € JLHIT C 270 KL C 27 and gl g, gf € Q; by algebraic manipulation the latter
expression can be rewritten as ’

U [ ﬂ L(Q}lz)llszxVxOgﬂ ﬂ L(qi)lIQXUXVXOQ]' (4)
3&
Kelcg'.gﬂ

Also adon’t care state {dc} is added, that recognizes the language obtained as the complement of the
union of the languages recognized by the states of the determinized automaton: also L({dc}) after
some algebra can be expressed in the form of Eq. 4. The DFA of B~ is obtained by switching
accepting and non-accepting states of the determinization of B~. Finally the language R’ is recog-
nized by the DFA F' = (S I} x Iy x U x V x O1 x Oz, A%, r* Q), obtained by intersection of
the automata of R*~! and B'=111,x0,. So each accepting state ¢ eqQ,jed ={1,...,]Q1,
recognizes the language L(g; /) expressed in the form of Eq. 3:

U [L(qll;)ﬁ [ L) 1xvxvxo)inxor O () (L(a}) 1 mxuxvxo:)inxo: |

| heHCJ1 keKCJL
HEHC2

Kekica/ !

where I € J', 1! C 27°, Ki € 27", and qlz,qh,qk € Q'. We used the fact that (L, U L) =
Ly 17 U Lo 17 and (L1 ﬂLg)TI =1, 11 N Ly 11 by Prop. A.2.



