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Abstract

This paper proposes two modifications to the geometri-
cally deformable template model. First, the optimization
stage originally based on simulated annealing is replaced
with a meta-heuristic called Variable Neighborhood Search
that treats simulated annealing as a local search tool. Sec-
ond, an affine deformation energy is introduced to improve
the quality of the search. An example of optic disc segmen-
tation in an ophthalmic image is given.

1. Introduction

Deformable templates, or parametric deformable models
[5], have been a subject of intensive research over the past
few years. Unlike their free-form counterparts (e.g. snakes),
they usually rely on probabilistic shape models that ’em-
body’ the knowledge about the typical shape of objects to be
located in the image. They are especially useful in the field
of medical image analysis where objects are e.g. anatom-
ical structures and knowledge about their shape is readily
available. A significant difficulty with most models is the
high complexity of the search procedure, which is usually
based either on local optimization, with the risk of getting
trapped in a local extremum, or on global optimization with
the well-known issue of computational complexity.

An interesting template model recently proposed by
Rueckert [7] is called a “geometrically deformable tem-
plate” and it aims to refine a coarse match obtained from
multiresolution analysis. Its deformation model is based on
the use of thin-plate splines [1] and has the appealing prop-
erty of being invariant under affine transformations. How-
ever, on one hand the proposed search method is compu-
tationally costly because it relies on simulated annealing
(SA), and on the other hand such invariance to affine trans-
formations may cause the search algorithm to retain invalid
solutions (e.g. ellipses when searching for circles). This pa-
per addresses these concerns by exploring the use of a meta-

heuristic called Variable Neighborhood Search [4] and also
by redefining the shape energy so that affine transformations
are taken into account. The paper is organized as follows.
Section 2 introduces the basic template model. In Section
3, suggested modifications are presented. Section 4 reports
on some results obtained with an ophthalmic image and fi-
nally, Section 5 discusses some advantages, limitations and
potential enhancements of the new method.

2. Basic Model

Within the basic framework of geometrically deformable
templates, and using the notation of [1], the contour of an
object M is modeled as a set ofn verticesPi = (xi, yi),
i = 1.. n, which may correspond to particular landmarks of
the object. These vertices form the equilibrium shape (or
undeformed prototype shape) of the model when no exter-
nal forces are applied to it. External forces caused by the
presence of edges in the image induce a deformation of the
shape, with vertices being moved to new locations(x′i, y

′
i)

collected in the matrixV:

V = (v1, . . . , vn) =
[
x′1 x′2 . . . x′n
y′1 y′2 . . . y′n

]
Let us definerij as the distance between two vertices,

i.e. rij = |Pi − Pj |, and the following matrices:

K =


0 U(r12) . . . U(r1n)

U(r21) 0 . . . U(r2n)
. . . . . . . . . . . .

U(rn1) U(rn2) . . . 0



P =


1 x1 y1

1 x2 y2

. . . . . . . . .
1 xn yn

 , L =
[
K P
PT O

]

where O is a 3x3 matrix of zeros and the functionU(r) =
−r2 log r2 is the fundamental basis function of the thin-
plate spline model (see [1] for a discussion on this function).



It is then possible to define a pair of mapping functions
fx(x, y) andfy(x, y), also called thin-plate spline mapping
functions, having the form:

f(x, y) = a1 + axx+ ayy +
n∑
i=1

wiU(|Pi − (x, y)|)

The affine coefficientsa1, ax and ay as well as the
weightswi of the non-affine part of the mappings are ob-
tained by the relationL−1Y = (W | a1 ax ay)T where
W = (w1, ..., wn) and Y = (V | 0 0 0)T . Y is the
(2× (n+ 3)) augmented vector of the new positions of the
vertices. Since the bending energy of the thin plate at(x, y)
is proportional to

∫ ∫
R

[
(∂

2f
dx2 )2 + 2( ∂

2f
dxdy )2 + (∂

2f
dy2 )2

]
, it

has the property of being invariant to affine transforma-
tions. For example, an equilibrium shape bent toward ei-
ther a circle or an ellipse will have the same bending en-
ergy. Searching for an instance of a given shape model in
an image thus implies moving the landmarks to locations
that globally minimize this deformation energy as well as
some external energy that is function of the image gradient.

3. Proposed modifications

Two aspects of the basic model of [7] are revisited in
this paper. First, since the affine invariance of the internal
deformation energy affects the quality of the search in the
sense that visually poor solutions may be achieved despite
their low bending energy, we propose to add another energy
term, as described in Section 3.1. Second, due to the huge
size of the search space, Rueckert proposes to constrain the
search for new landmark positions along the normal at each
location (xi, yi) and resorts to stochastic relaxation (SA)
to find the optimal configuration of points. Here, we pro-
pose a more elaborate search procedure, guided by a meta-
heuristic called Variable Neighborhood Search (VNS), in
which SA-based search is viewed as a local search in a
restricted, yet variable, neighborhood centered on a given
configuration of points.

3.1. Energy function

The energy of a configuration of points is a weighted
contribution of its intrinsic (shape) energy as well as the
gradient energy in the image:ET = α1Eshape+α2Eimage.
For the basic model, the termEshape captures the amount of
bending energy and is proportional to the trace of the prod-
uctWKWT [7], whileEimage is simply made proportional
to the negative of the sum of the gradient magnitude at each
locationvi of the imageI. As mentioned above, an affine
deformation energy term has been added to penalize con-
figurations that would be unacceptably far from the shape

model despite a low non-affine deformation energy. The
affine parameters linking the landmarksPi of the reference
object modelM to a configurationV are given by the singu-
lar value decomposition of the matrix containing the affine
termsai of the thin-plate spline mapping functionsfx and
fy (translationsa(x)

1 , a(y)
1 are ignored; the subscripts(x)

and(y) refer to the functionsfx andfy):

[U,S, V ] = svd

([
a

(x)
x a

(x)
y

a
(y)
x a

(y)
y

])
As pointed out by Bookstein [1], the singular values of

the SVD represent scale factors betweenS andV in thex
andy directions, and rotation matricesU andV describe
the relationship between the two configurations in terms of
rotations (reflections are ignored). If one expects the con-
figurationV to be quite similar toM , then a simple penalty
term such asEaffine = − [g(Sx)g(Sy) + Θ(θU , θV )] can
be constructed, whereg(·) and Θ(·) are some weighting
(e.g. Gaussian-shaped) functions whileSx, Sy are the scale
factors andθU , θV are the angles associated to the rotation
matricesU andV . The termEaffine should be minimal
for Sx = Sy = 1 andθU = θV . This affine term represents
somea priori information about the shape model and to that
regard, the parameters of the weighting functions might be
learned from examples, e.g. as in [8],[2]. The total energy
function now becomes:

ET = α1tr(WKWT )︸ ︷︷ ︸
Eshape

− α2

∑
i

|∇I(vi)|︸ ︷︷ ︸
Eimage

−

α3 [g(Sx)g(Sy) + Θ(θU , θV )]︸ ︷︷ ︸
Eaffine

3.2. Search

VNS is one of the few meta-heuristics that have been
proposed as a means to combine efficient local optimization
procedures (e.g. gradient descent) with heuristics having
the ability to cope with local optima. VNS works by ex-
ploring increasingly distant neighborhoods around a start-
ing pointx, possibly restarting the search in case a locally
optimal solution happens to improve the best solution found
so far. The algorithm drawn from [4] is given below.

In the current context,s is a coarse solution obtained for
example from multiresolution analysis (see [5], [7] for in-
stance),s′ is some configuration of points(x′, y′) randomly
picked (see below for more detail) ands′′ is the best solution
found in the image by the local search constrained within a
given neighborhood. In case local search fails to improve
the solution, the neighborhood is enlarged. One simple def-
inition may be purely spatial, i.e.Nk would include can-
didate points in the image that are located no farther than



Initialization. Select the set of neighborhood structuresNk,
k = 1, ..., kmax, that will be used in the search; find an
initial solutions; choose a stopping condition;
Repeatthe following until the stopping condition is met:
(1) Setk ← 1; (2) Until k = kmax, repeat the following
steps:
(a)Shaking. Generate a configurations′ at random from the
kth neighborhood ofs (s′ ∈ Nk(s));
(b) Local search. Apply some local search method with
s′ as initial solution; denote withs′′ the so obtained local
optimum;
(c) Move or not. If this local optimum is better than the
incumbent, move there(s ← s′′), and continue the search
with N1(k ← 1); otherwise, setk ← k + 1;

k · d pixels from any point(x, y), wherek is the neighbor-
hood number andd is some constant setting the width of the
neighborhood (a few pixels typically).

• Shaking : tacking points. The shaking step of the VNS
algorithm consists in choosing a random configuration
of pointss′ within theNk neighborhood. In short, the
suggested strategy is to pick three points froms and
tack them to some edges that intersect their normal (if
more than one intersection is found, a random selec-
tion is made). Moving these points to new locations
induces a deformation of the shape models; the new
equilibrium shapes′ can be computed using the param-
eters of the affine transformation that resulted from the
movement of the three tacked points. The models′ is
the starting point for the local search.

• Local search : simulated annealing. The local search
tries to move the free points (i.e. those that are not
tacked) on neighboring edges so as to minimize the to-
tal energyET . The free points are moved along their
normal. A discrete implementation of simulated an-
nealing is used as the optimization method, but the
search space is kept small (a few pixels) in order to
reduce the computational burden. The matrixP used
in the computation ofEshape andEaffine is constant
and contains the landmarks of the reference modelM .

• Move or not. If the local search finds a configuration
of points with lower energy than the current best so-
lution, the new configuration is the starting point for
another pass of the VNS algorithm (k = 1, ..., kmax),
otherwise, new shaking takes place within an increased
neighborhood (i.e. some points of the current solution
are tacked farther ask increases).

During shaking, the tacking step must obey two simple
rules, otherwise a neighborhood change is triggered. First,
since an affine transformation is applied to the free points

after tacking, the selection of the triplet of points to be
tacked must be done carefully. The stability of various
combinations is assessed, the most stable triplets are re-
tained and a random selection is made. Stability is defined
as the ratio between the area of the triangle defined by the
triplet with the area of the convex hull of the configuration
of points [3]. Second, the new equilibrium shapes′ should
be relatively similar to the shape being sought, in order to
avoid an irrecoverable drift of the search algorithm. A loose
bound on the affine deformation energy of the equilibrium
shape is used to constrain the search.

4. Experiments

In order to test the search procedure, two experiments
have been carried out in the context of optic disc segmenta-
tion in ophthalmic images. Deformable templates are well
adapted to this problem since a priori knowledge about the
shape of the optic disc is available. (The current work is in
fact a logical follow-up to previous work on rigid template
matching in the same application domain [6]). In the first
experiment, an initial solution for the optic disc location is
shown in Fig. 1, left (total energy=17.63, essentially due
to theEimage term). This initial solution was given manu-
ally for testing purposes but may be provided by automatic
means (e.g. [6]) in a realistic application. During the search,
seven solutions have been found in various neighborhoods
(k = 1, ..., 5; d = 6 pixels for a 250x200 image). The best
result is shown in Fig. 1, middle (total energy=12.27). Note
that since the reference model is a circle,Eaffine is simply
a function of the scale factorsSx andSy with g(·) defined
as a ’tent’ (triangle) function centered on 1.

The second experiment is designed to show how the
search procedure can recover from being trapped in a lo-
cal minimum and still find the global solution. An image
has been altered manually by inserting an opaque circle in-
side the optic disc (Fig. 1, right). The deformable template
initially captures most of the contour of the opaque circle
(total energy> 20) but keeps looking for a better solution
by enlarging the search region (i.e. increasingk). It finally
captures the true contour of the optic disc (total energy =
12.44). The correct solution is found despite the false tar-
get’s high similarity with the reference model and its strong
edges in the edge map. This is a case where the contri-
bution of the affine deformation energy makes a difference
between a good and a bad solution.

As far as computation speed is concerned, the algorithm
was implemented in Matlab, and the execution of the com-
piled version on a dual PIII 930 MHz running Linux yields
processing times around 3-4 minutes. It is believed that a
careful implementation in C along with the optimizations
suggested in [7] will lower the processing time substan-
tially.



Figure 1. Left: initial configuration overlaid on the edge map (obtained using the Canny operator).
Middle: final solution. Right: Segmented optic disc despite a false target inside the disc (the initial
position of the deformable template is inside the false target).

5. Discussion and Conclusion

The experiments we have performed up to now on syn-
thetic as well as real ophthalmic images indicate that the
proposed method is capable of recovering the correct so-
lution despite an unfavorable initialization (due to inap-
propriate translations and/or scale factors) and a complex
edge map (broken edges due to vessels branching out of
the optic disc), provided that the neighborhoods are large
enough. As for robustness, one area of concern might be
the discrete nature of the movements of landmarks. (Land-
marks are moved to locations where their normals intersect
edges). What happens when the object contours are bro-
ken/missing? The reason behind the choice of moving land-
marks onto edges is simply to minimize the computational
cost of the local search (simulated annealing). Indeed, some
of these points may not move during the local search but the
process of tacking points (selected randomly) and of mov-
ing the others with an affine transformation that restores the
equilibrium shape insures that the set of points move close
to a potential solution. This process of ’shaking by tacking’
can be made more sophisticated. For instance, instead of
tacking points onto edges, one may imagine tacking salient
higher-level features (e.g. shape corners) onto similar edge
groupings in the image. A post-processing step might also
be added: points of the best solution that do not lie on edges
would be revisited and possibly moved in a way that mini-
mizes the deformation energy (affine and non-affine).

Finally, one might argue that such a landmark-based ap-
proach that reduces a complex object to a set of points
coarsely describing its contour has intrinsic limitations in
terms of reliability. For many applications an interesting
direction to pursue might then be a migration toward an
appearance-based model that would include energy terms
based on texture or color information in addition to shape.
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