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I. INTRODUCTION

The speaker diarization problem consists in determining how many speakers there are in a given speech

file and in partitioning the speech file into intervals each ofwhich is assigned to one of the speakers. The

collection of all intervals assigned to a given speaker is known as acluster. We assume that the given

speech file has already been partitioned intosegments, that is, intervals each containing the speech of a

single speaker. These segments may be of very short durationand the possibility that the same speaker

is talking in two successive segments is not excluded. The problem then is how to cluster the segments

so that there is a 1–1 correspondence between speakers and clusters.

In his thesis, Valente showed how the speaker clustering problem could be formulated in a principled

way in terms of Bayesian model selection [1]. The primary problem, namely determining the number of

speakers in the given speech file, can be viewed as one of determining the number of components in a

mixture distribution where each mixture component is a speaker model; a Bayesian approach formulates

this problem more generally, as one of calculating a posterior probability distribution over the number

of mixture components. Similarly a Bayesian approach to thequestion of which segments should be

assigned to which speakers results in a posterior probability distribution on all possible assignments.1

Given these posterior distributions, it is a straightforward matter to make hard decisions as to the actual

number of speakers and as to which of these speakers is talking in each segment.

Valente showed that putting the speaker diarization problem on a firm mathematical foundation requires

just two ingredients:

1More precisely, a joint posterior distribution over both the number of speakers and all possible assignments is calculated.
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1) Prior distributions on the number of speakers and on the mixing coefficients, where for each speaker,

the corresponding mixing coefficient is thea priori probability that the speaker is talking in a given

segment.

2) A prior distribution on the parameters which specify a speaker model.

In principle, a consistent application of the rules of probability (marginalization and conditioning) using

these prior distributions is all that is required to calculate the posterior distributions referred to above and

hence to produce a solution to the speaker diarization problem. In particular, no tunable fudge factors

ought to be needed to determine the number of speakers in the given speech file. The reason for this is

that, if the prior distributions are well chosen, then the Bayesian approach is automatically regularized.

That is, it is (or it ought to be) immune to the overfitting tendency which maximum likelihood methods are

prone to. The tendency of the Bayesian approach to prefer simple models to complex ones is sometimes

referred to as a quantitative version of Occam’s razor. See [2] for an excellent discussion of this issue.

Thus the key question is how to choose the prior distributions. On the one hand, Occam’s razor won’t

work properly unless the priors are sufficiently realistic;on the other, the Bayesian integrals that need to

be evaluated for the posterior calculations have to be approximated by variational methods in practice,

and this restricts the choice of prior distributions to a small number of conjugate families.

There is general agreement in both the speaker diarization and text-independent speaker recognition

communities that the most effective type of generative model for distinguishing between speakers is a

Gaussian mixture model (GMM) derived from a universal background model (UBM) by adapting the

Gaussian mean vectors but not the covariance matrices or mixture weights. We adopt the same premise

in our approach to speaker diarization, so that the principal question that we need to address is how to

specify an appropriate prior on the mean vectors in a speakerGMM. (Unlike Valente we do not propose

to make the GMM covariance matrices speaker dependent but our speaker models will have much larger

numbers of Gaussians.)

It is convenient to use the supervector formulation: a speakersupervectoris the high dimensional vector

obtained by concatenating all of the mean vectors in a speaker GMM. By far the most popular prior

on speaker supervectors is the one which is used in classicalmaximum a posteriori(MAP) estimation

(relevance MAP is a special case [3].) This prior has a hiddenvariable description of the form

s = m + Dz.

Here s is a randomly chosen speaker supervector,m is a speaker-independent supervector,D is a

supervector-sized diagonal matrix andz is a random vector having a standard normal distribution. Like
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the priors used by Valente, this is an example of afactorial prior: takingD to be diagonal implies that all

of the components ofs are statistically independent so the prior admits a component-wise factorization.

Factorial priors are relatively non-informative since they fail to capture any correlations which may exist

between the different components.

If they are implemented on a sufficiently large scale, then eigenvoice priors are much more effective

in text-independent speaker recognition than the factorial prior that we have just described [4], [5]. The

assumption here is that a randomly chosen speaker supervector s is distributed according to

s = m + V y (1)

wherem is a speaker-independent supervector,V is a rectangular matrix of low rank andy is a normally

distributed random vector. The columns ofV are eigenvoices and the components ofy are speaker factors.

Note that there is no loss in generality in (1) in assuming that y has a standard normal distribution. (Any

non-standard normal distribution could be accommodated bymodifying m andV .) In situations where

y has a standard normal distribution we will say that the distribution (1) is incanonical form.

Equation (1) imposes severe constraints on speaker supervectors. Although supervectors typically have

tens of thousands of dimensions, equation (1) constrains all supervectors to lie in an affine subspace of

the supervector space whose dimension is typically at most afew hundred. (The subspace in question is

the affine subspace containingm which is spanned by the columns ofV .) In Bayesian terms, (1) would

thus be referred to as a highly informative prior distribution. Our main contribution in this paper is to

use this type of prior together with Bayesian methods to do speaker diarization. Earlier (non-Bayesian)

work in this direction can be found in [6].

The second contribution that we propose to make is to simplify the determination of the number of

speakers in a given speech file by using the maximum likelihood II principle to estimate the mixing

coefficients as in [7] rather than by using fully Bayesian methods. (The maximum likelihood II approach

to hyperparameter estimation is discussed in a general setting in [8].) This is a reasonable procedure for

the problem at hand since, no matter what (reasonable) prioris chosen for the mixing coefficients in a

fully Bayesian approach, the posterior distribution of thenumber of speakers ought to be very sharply

peaked — there should be little doubt as to how many speakers there actually are in a given speech file.

Thus there should be no need for a prior on the mixing coefficients (such as a Dirichlet prior) to steer the

posterior towards a reasonable number of speakers. On the other hand, a fully Bayesian treatment may

be needed to discover the number of mixture components in other mixture distributions. For example,

there does not seem to be a clear cut answer to the question of how many mixture components should

December 11, 2008 DRAFT



3

be used in constructing a universal background model [9].

The maximum likelihood II approach is easier to implement than a fully Bayesian treatment and it is

less computationally complex. The fully Bayesian approachrequires one training run for each number of

speakers hypothesized, something that is likely to be quiteimpractical in real-world speaker diarization.

A single training run suffices for the maximum likelihood II approach and, since the mixing coefficients

are treated as constants rather than hidden variables, the variational posterior calculations are simpler

than in the fully Bayesian approach.

II. I NTRODUCTION TOVARIATIONAL BAYES

Suppose we are given dataX generated by a model comprising two hidden variablesY andI. Set

θ = (Y , I). We are interested in calculating the marginal likelihoodP (X) (or ‘evidence’) defined by

P (X) =

∫

P (X |θ)P (θ)d θ

and the posterior distributionP (θ|X).

That these two problems are intimately related can be seen from the following identity which holds

for any distributionQ(θ):

ln P (X) = L(Q) + D (Q(θ) || P (θ|X))

whereL(Q) is an EM-type auxiliary function andD (· || ·) denotes the Kullback-Leibler divergence:

L(Q) =

∫

Q(θ) ln
P (X , θ)

Q(θ)
d θ

D (Q(θ) || P (θ|X)) = −

∫

Q(θ) ln
P (θ|X)

Q(θ)
d θ.

Recall thatD (Q(θ) || P (θ|X)) ≥ 0 with equality holding iffP (θ|X) = Q(θ). Thus if the true posterior

P (θ|X) is tractable, settingQ(θ) = P (θ|X) and evaluatingL(Q) gives the evidence. Any other

distribution Q(θ) gives a lower bound on the evidence. The quantity−L is known to physicists as

the variational free energy [2].

We are concerned with the the situation where the true posterior is intractable and we want to find

a tractable approximation and, simultaneously, a lower bound on the evidence. Variational Bayes is an

solution to this type of problem which iteratively refines the approximate posterior in such a way as to

increase the value of the lower bound on successive iterations. In practice, the mechanics are very similar

to EM.
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The basic assumption is that the approximate posterior factorizes as

Q(Y , I) = Q(Y )Q(I).

As in the calculus of variations, no functional form forQ(Y ) andQ(I) needs to be assumed. Note that

it is typically the case that the hidden variables are statistically independent in the prior, so that

P (Y , I) = P (Y )P (I),

but not in the posterior, so that

P (Y , I|X) 6= P (Y |X)P (I |X),

unless it happens thatP (X |Y , I) also factorizes (which is almost never the case).

To work out the update formulas forQ(Y ) andQ(I), let us fix Q(Y ) and regardL as a functional

of Q(I) alone. Thus

L =

∫

Q(I)

(
∫

Q(Y ) ln
P (X ,Y , I)

Q(Y )Q(I)
dY

)

d I

=

∫

Q(I)

(
∫

Q(Y ) ln
P (X ,Y , I)

Q(Y )
dY − ln Q(I)

)

d I

=

∫

Q(I)
(

ln Q̃(I) − ln Q(I)
)

d I

where ln Q̃(I) =

∫

Q(Y ) ln
P (X,Y , I)

Q(Y )
dY

= EY

[

ln
P (X ,Y , I)

Q(Y )

]

for short.

But for the fact thatQ̃(I) doesn’t integrate to one (so it doesn’t qualify as a probability distribution), the

formula that we have derived forL is just the negative Kullback-Leibler divergence−D
(

Q(I) || Q̃(I)
)

.

Thus the maximum value ofL with respect toQ(I) is attained whenQ(I) and Q̃(I) coincide. This

gives the update formula forQ(I), namely

ln Q(I) = EY

[

ln
P (X ,Y , I)

Q(Y )

]

+ const

= EY [ln P (X,Y , I)] + const

where const is independent ofI (its value is determined by the condition thatQ(I) integrates to 1).

Similarly the update formula forQ(Y ) is

ln Q(Y ) = EI [ln P (X,Y , I)] + const.

Because these formulas are coupled they have to be applied iteratively. Convergence is guaranteed [10].

Note that the update formulas are designed to ensure that thevalue ofL increases on each update.
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III. M ODELING ASSUMPTIONS

We suppose that we are given a segmented speech file and that wewish to determine how many

speakers there are in the file and which segments are associated with each of these speakers. We use the

term segment to refer to a sequence of speech observation vectors which corresponds to a time interval

in which a single speaker is talking. Although it could be incorporated into the type of framework that

we will develop, we exclude the possibility that more than one speaker is talking at once. We denote

acoustic feature vectors byX1,X2, . . . .. and we letF denote the dimension of these vectors.

Assumption 1: Segment boundaries are given.

A uniform segmentation (say into 1 second intervals) can be assumed to begin with; this can be refined

iteratively once point estimates of speaker models have been calculated. Given a speech file divided into

M segmentsx1, . . . ,xM , set

X = (x1, . . . ,xM ).

(The m in segments is intended to serve as a mnemonic: segments are indexedby m = 1, . . . ,M .) We

assume provisionally that the number of speakersS in the speech file is known.

For eachm = 1, . . . ,M , we associate with the segment xm an S × 1 indicator vectorim whose

components are defined as follows: fors = 1, . . . , S, ims = 1 if speakers is talking in the segment and

ims = 0 otherwise. Fors = 1, . . . , S, setP (ims = 1) = πs so that

P (im) =

S
∏

s=1

πims

s .

Again, we assume provisionally that the mixing coefficientsπ1, . . . , πS are known. Set

I = (i1, . . . , iM )

π = (π1, . . . , πS).

(I is not to be confused with the identity matrix.)

The likelihood function is given by

P (X ,Y , I|π) = P (X |Y , I)P (Y )P (I|π)

December 11, 2008 DRAFT



6

where

P (X |Y , I) =
M
∏

m=1

S
∏

s=1

P (xm|ys)
ims

P (Y ) =

S
∏

s=1

P (ys)

P (I|π) =

M
∏

m=1

S
∏

s=1

πims

s .

Hereys is vector of parameters which specify the model for speakers and the distributionsP (xm|ys)

andP (ys) remain to be specified.

The assignment of segments to speakers is encoded in the posterior distributionP (I|X,π) which, up

to a normalizing constant (namely1/P (X |π)), is given by marginalizingP (X,Y , I|π):

P (I|X,π) ∝ P (X , I|π)

=

∫

P (X ,Y , I|π) dY .

The calculation of the posteriorP (I|X ,π) is intractable in practice so we will approximate it by a

variational posteriorQ(I). This will have the property that it factorizes in the same way asP (I). Thus

Q(I) =

M
∏

m=1

S
∏

s=1

qims

ms

where qms is the posterior probability that speakers is talking in segmentm. Thus to make a hard

decision concerning the identity of the speaker in segmentm we find

argmax
s

qms.

Assumption 2: An upper boundS on the number of speakers is given. The mixing coefficients(π1, . . . , πS)

can be estimated by maximizing the marginal likelihoodP (X |π) with respect toπ (that is, by maximum

likelihood II).

The marginal likelihood of the dataX is given by

P (X|π) =

∫

P (X ,θ|π) dθ whereθ = (Y , I).

(The marginal likelihood of the data is sometimes referred to as the evidence.) Thus we propose to discover

the actual number of speakers in the given speech file by counting the number of mixture coefficients

assigned non-zero values by maximum likelihood II estimation. Since the integral is intractable we will

use a variational approximation to evaluate it.
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Assumption 3: Speaker supervectors are distributed as follows: ifs is a randomly chosen supervector,

s = m + V y (2)

whereV is of dimensionCF × R and theR × 1 random vectory has a standard normal distribution.

HereC denotes the number of components in the UBM or a speaker GMM sothat supervectors are

of dimensionCF × 1; R is the number of eigenvoices. For each mixture componentc = 1, . . . , C, let

mc be the theF × 1 subvector ofm which corresponds to the mixture component and letΣc be the

corresponding covariance matrix. We assume thatΣc is diagonal and we denote byΣ the supervector

sized diagonal covariance matrix obtained by concatenating Σ1,Σ2, . . . ,ΣC .

An algorithm for estimatingV andΣ using the maximum likelihood II criterion is presented in [5].

In implementing this algorithm different recordings of a given speaker should be treated as different

‘speakers’. This is appropriate for the problem at hand since, in a telephone conversation involving

different speakers, each speaker will be subject to different channel effects. (For some applications,

additional eigenchannels will need to be appended to these eigenvoices.)

Assumption 4: The alignment of frames with mixture components is given.

This is perhaps the most questionable assumption that we make; it is motivated by the success we

have had with it in text-independent speaker-recognition [4]. The idea is to use Viterbi or Baum-Welch

alignments calculated with a UBM to simplify calculations with speaker dependent GMM’s. Given

acoustic feature vectorsX1,X2, . . . corresponding to a segmentx, for each mixture componentc we

define the first and second order Viterbi statistics in the usual way:

Fc =
∑

t

Xt

Sc = diag

(

∑

t

XtX
∗

t

)

where the sums extend over all framest which are aligned with the mixture componentc. Let Nc be the

number of such frames. Viterbi alignments are carried out using the UBM.

Although we will refer to these statistics as Viterbi statistics in this paper, in our implementation we

actually use Baum-Welch statistics instead. These are defined by

Nc =
∑

t

γt(c)

Fc =
∑

t

γt(c)Xt

Sc = diag

(

∑

t

γt(c)XtX
∗

t

)
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where, for each timet, γt(c) is the posterior probability of the event that the feature vectorXt is accounted

for by the mixture componentc. We calculate these posteriors using the UBM.

We denote the centralized first- and second order Viterbi statistics by F̃c and S̃c:

F̃c =
∑

t

(Xt − mc)

S̃c = diag

(

∑

t

(Xt − mc)(Xt − mc)
∗

)

wheremc is the subvector ofm in (1) which corresponds to the mixture componentc. In other words,

F̃c = Fc − Ncmc (3)

S̃c = Sc − diag (Fcm
∗

c + mcF
∗

c − Ncmcm
∗

c) . (4)

Let N be theCF × CF diagonal matrix whose diagonal blocks areNcI (c = 1, . . . , C). Let F̃ be the

CF × 1 supervector obtained by concatenatingF̃c (c = 1, . . . , C). Let S̃ be theCF × CF diagonal

matrix whose diagonal blocks arẽSc (c = 1, . . . , C).

Given a segmentx and speaker factorsy, the conditional likelihoodP (x|y) is calculated as follows.

Let N , F̃ and S̃ be the centralized Viterbi statistics extracted from the segment x and define

G =

C
∑

c=1

Nc ln
1

(2π)F/2|Σc|1/2
−

1

2
tr
(

Σ
−1S̃

)

. (5)

H(y) = y∗V ∗
Σ

−1F̃ −
1

2
y∗V ∗NΣ

−1V y. (6)

Then, by Lemma 1 in [5],

ln P (x|y) = G + H(y). (7)

The posterior distributionP (y|x) can be calculated by appealing to Proposition 1 in [5]. IfN , F̃

andS̃ are the centralized Viterbi statistics extracted formx, then the posterior distribution ofP (y|x) is

Gaussian with meana and precision matrixl given by

l = I + V ∗
Σ

−1NV (8)

a = l−1V ∗
Σ

−1F̃ . (9)

Calculating the marginal likelihood of the segment,P (x) involves evaluating the Gaussian integral
∫

P (x|y)P (y) dy whereP (y) = N(y|0, I).
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(We useN(·|µ,K) to indicate the Gaussian kernel with meanµ and covariance matrixK.) A closed

form expression in terms of the Viterbi statistics extracted from x is derived in Proposition 2 in [5],

namely

ln P (x) = G −
1

2
|l| +

1

2
F̃

∗

Σ
−1V l−1V ∗

Σ
−1F̃ . (10)

If the assignment of frames to mixture components was not given then a variational approximation would

be needed to evaluate this marginal likelihood.

IV. A N EXAMPLE: SPEAKER CHANGE DETECTION

Since we are assuming that the speech file has been presegmented (Assumption 1) we will not propose

a solution to the problem of detecting speaker change points. However we will show how a simple

problem of this type can be solved in closed form thanks to Assumption 4. This is an illustration of the

Bayesian Occam’s razor principle.

Suppose we are given a sequence of framesX1, . . . ,XT and a timeT1 where1 < T1 < T and it is

required to test the hypothesisH1 that a single speaker is talking in the interval against the hypothesisH2

that one speaker is talking in the intervalX1, . . . ,XT1
and another speaker in the intervalXT1+1, . . . ,XT .

Denote these intervals byx, x1 andx2.

We assume that the two hypotheses area priori equally likely. Under the hypothesisH2, the intervals

x1 andx2 are statistically independent soP (x1,x2|H2) = P (x1)P (x2). Thus the the likelihood ratio

(or Bayes factor) for the hypothesis test is

P (x)

P (x1)P (x2)
.

Each of the terms in this expression can be evaluated in termsof the Viterbi statistics extracted from

x, x1 and x2 using (10). If this ratio is greater than 1, we conclude thatH1 is more likely thanH2.

Note that this decision criterion is essentially the same asthe batch likelihood ratio criterion for speaker

recognition introduced in [11] and the ‘identity variable’criterion for face recognition used in [12].

For another perspective, note that we can write

P (x)

P (x1)P (x2)
=

P (x2|x1)

P (x2)
(11)

whereP (x2) is evaluated as before and

P (x2|x1) =

∫

P (x2|y)P (y|x1) dy. (12)
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Recall thatP (y|x1) is a non-standard Gaussian kernel whose meana and precision matrixl are given

in terms of the Viterbi statistics ofx1 by (8) and (9).

Settings = m+V y, the posterior distribution ofs conditioned onx1 can be put into canonical form

by writing l−1 in the form t∗t (Cholesky decomposition), and setting

m1 = m + V a

V 1 = V t∗

so that

s = m1 + V 1y1 (13)

wherey1 has a standard normal distribution.2 This enables us to evaluate the integral in (12) using (10)

by replacingm andV with m1 andV 1. (In particular the Viterbi statistics have to be centralized with

respect tom1 rather thanm in (3) and (4).)

Returning to the right hand side of (11), the question of whether the denominator or the numerator

has the larger value depends on which of the distributions (2) and (13) better accounts for the segment

x2 and this in turn depends on how similarx2 is to x1.

V. VARIATIONAL POSTERIORCALCULATIONS

Recapitulation

We assumed that we are given a speech file divided intoM segmentsx1, . . . ,xM , and an upper bound

S on the number of speakers in the file. We want to determine the actual number of speakers and the

assignment of speakers to segments.

For eachm = 1, . . . ,M , we associated with the segment xm an S × 1 indicator vectorim whose

components are defined as follows: fors = 1, . . . , S, ims = 1. if speakers is talking in the segment and

ims = 0 otherwise. Fors = 1, . . . , S, we setP (ims = 1) = πs where the mixing coefficientπs is thea

priori probability that speakers is speaking in a given segment. Thus

P (im) =

S
∏

s=1

πims

s . (14)

2This is the minimum divergence estimation procedure of [4] (Section III-B3) applied to a single speaker.
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Let Nm, F̃ m and S̃m be the centralized Viterbi statistics extracted from the segment xm. and define

Gm =

C
∑

c=1

Nmc ln
1

(2π)F/2|Σc|1/2
−

1

2
tr
(

Σ
−1S̃m

)

. (15)

Hm(y) = y∗V ∗
Σ

−1F̃ m −
1

2
y∗V ∗NmΣ

−1V y (16)

so that

ln P (xm|ys) = Gm + Hm(ys). (17)

We set

X = (x1, . . . ,xM )

I = (i1, . . . , iM )

π = (π1, . . . , πS)

Y = (y1, . . . ,yS).

so that the likelihood function is given by

P (X ,Y , I|π) = P (X |Y , I)P (Y )P (I|π) (18)

where

P (X |Y , I) =

M
∏

m=1

S
∏

s=1

P (xm|ys)
ims

P (I|π) =
M
∏

m=1

S
∏

s=1

πims

s (19)

andP (Y ) is the standard normal distribution.

We aim to estimateπ, and hence the actual number of speakers in the file, by maximizing the marginal

likelihood P (X |π). We aim to assign speakers to segments by calculating the posterior distribution

P (I|X,π).

Variational approximation

Neither the marginal likelihoodP (X |π) nor the posteriorP (I|X,π) can be calculated exactly so

we adopt a variational approach as outlined in Section II. Assuming provisionally thatπ is known, we

will approximate the true posteriorP (Y , I|X,π) by a factorized distribution which we will denote by

Q(Y , I). Not only will this distribution enable us to make a probabilistic assignment of speakers to

segments ifπ is known, but it will enable us to calculate a lower bound on the marginal likelihood
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P (X |π) which can serve as a criterion for estimatingπ. The only assumption that we make concerning

Q(Y , I) is that

Q(Y , I) = Q(Y )Q(I). (20)

Writing the marginal likelihood in the form

P (X |π) =

∫

P (X ,θ|π) dθ whereθ = (Y , I),

we define the functionalL(Q|π) by

L(Q|π) =

∫

Q(θ) ln
P (X ,θ|π)

Q(θ)
dθ. (21)

As explained in Section II,

L(Q|π) ≤ ln P (X |π)

for all Q.

The update formulas forQ(Y ) andQ(I) are

ln Q(Y ) = EI [ln P (X,Y , I|π)] + const (22)

ln Q(I) = EY [ln P (X,Y , I|π)] + const (23)

where,EI [·] indicates the expectation with respect toI calculated with the distributionQ(I) and similarly

for EY [·] and the constants are chosen so as to ensure that the total probability mass of each distribution is

1. Since the update formulas are coupled they have to be applied alternately. Each update is guaranteed to

increase the value ofL(Q|π) [10]. Thus evaluatingL(Q|π) on each update is a useful check on whether

the update formulas have been correctly implemented.

We will see thatQ(Y ) andQ(I) both factorize in the same way asP (Y ) andP (I):

Q(I) =

M
∏

m=1

Q(im) (24)

whereQ(im) =

S
∏

s=1

qims

ms (m = 1, . . . ,M) (25)

and

Q(Y ) =

S
∏

s=1

N(ys|as,Λ
−1
s ). (26)

where the means and precisionsas andΛs and the probabilitiesqms remain to be specified.
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UpdatingQ(I)

To updateQ(I), we calculateEY [ln P (X,Y , I|π)] as prescribed by (23). Ignoring terms independent

of I,

EY [ln P (X ,Y , I|π)]

= EY [ln P (X|Y , I)] + ln P (I|π) by (18)

=
M
∑

m=1

S
∑

s=1

imsEy
s

[ln P (xm|ys)] +
M
∑

m=1

S
∑

s=1

ims ln πs by (19)

=
M
∑

m=1

S
∑

s=1

ims ln q̃ms (27)

where

ln q̃ms = Ey
s

[ln P (xm|ys)] + ln πs. (28)

To evaluatẽqms, we write

Ey
s

[ln P (xm|ys)]

= Ey
s

[Gm + Hm(ys)] by (17)

= Gm + Ey
s

[Hm(ys)]

= Gm + Ey
s

[

y∗

sV
∗
Σ

−1F̃ m −
1

2
y∗

sV
∗NmΣ

−1V ys

]

by (16)

= Gm + Ey
s

[

y∗

sV
∗
Σ

−1F̃ m

]

−
1

2
Ey

s

[

tr
(

V ∗NmΣ
−1V ysy

∗

s

)]

= Gm + a∗

sV
∗
Σ

−1F̃ m −
1

2
tr
(

V ∗NmΣ
−1V

(

Λ
−1
s + asa

∗

s

))

whereas andΛs are the variational posterior mean and precision ofys and we have used the fact that

Ey
s

[ysy
∗

s] = Λ
−1
s + asa

∗

s

(Note thatas andΛs have yet to be calculated.) Thus

ln q̃ms = Gm + a∗

sV
∗
Σ

−1F̃ m −
1

2
tr
(

V ∗NmΣ
−1V

(

Λ
−1
s + asa

∗

s

))

+ ln πs. (29)

Normalizing so that probabilities sum to 1 givesQ(I):

Q(I) =

M
∏

m=1

S
∏

s=1

qims

ms

whereqms =
q̃ms

∑S
s′=1

q̃ms′

. (30)
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Remark

By (7), equation (29) can be rewritten in the form

ln q̃ms = ln πsP (xm|ys = as) −
1

2
tr
(

V ∗NmΣ
−1V Λ

−1
s

)

. (31)

The second term in this expression vanishes if there is no uncertainty in the point estimateas of the

speaker factors (that is, if the posterior covariance matrix Λ
−1
s is zero). In this case the Variational Bayes

formalism drops out and the calculation of the posterior probabilities qms reduces to a straightforward

application of Bayes rule.

UpdatingQ(Y )

To updateQ(Y ), we calculateEI [ln P (X,Y , I|π)] as prescribed by (22):

EI [ln P (X,Y , I|π)] = EI [ln P (X |Y , I)] + ln P (Y ) + EI [ln P (I)] by (18)

= EI

[

M
∑

m=1

S
∑

s=1

ims ln P (xm|ys)

]

+

S
∑

s=1

ln P (ys)

+ EI

[

M
∑

m=1

S
∑

s=1

ims ln πs

]

by (19)

=

M
∑

m=1

S
∑

s=1

qms ln P (xm|ys) +

S
∑

s=1

ln P (ys) +

M
∑

m=1

S
∑

s=1

qms ln πs

where we have used the fact that

EI [ims] = qms. (32)

Thus

Q(Y ) =
S
∏

s=1

Q(ys)

where ln Q(ys) =

M
∑

m=1

qms lnP (xm|ys) + ln P (ys) + const (s = 1, . . . , S)
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Ignoring additive terms independent ofys,

ln Q(ys) =

M
∑

m=1

qms ln P (xm|ys) + ln P (ys)

=

M
∑

m=1

qmsHm(ys) + ln P (ys) by (17)

=

M
∑

m=1

qms

(

y∗

sV
∗
Σ

−1F̃ m −
1

2
y∗

sV
∗NmΣ

−1V ys

)

−
1

2
y∗

sys by (16)

= −
1

2
(ys − as)

∗
Λs(ys − as) (33)

where

Λs = I + V ∗

(

M
∑

m=1

qmsNm

)

Σ
−1V (34)

as = Λ
−1
s V ∗

Σ
−1

(

M
∑

m=1

qmsF̃ m

)

(35)

In other words, the variational posterior distribution ofys is Gaussian with meanas and covariance

matrix Λ
−1
s . Note the similarity with (8) and (9). Normalizing,

ln Q(ys) = ln(2π)−R/2|Λs|
1/2 −

1

2
(ys − as)

∗
Λs(ys − as) (36)

EvaluatingL(Q|π)

L(Q|π) =

∫

Q(θ) ln
P (X,θ|π)

Q(θ)
dθ by (21)

= EI

[

EY

[

ln
P (X,Y , I|π)

Q(Y )Q(I)

]]

= EI [EY [ln P (X |Y , I)]] − EY

[

ln
Q(Y )

P (Y )

]

− EI

[

ln
Q(I)

P (I|π)

]

Using (32) and (27) to simplify the first and third terms gives

EI [EY [ln P (X |Y , I)]] = EI

[

M
∑

m=1

S
∑

s=1

imsEy
s

[ln P (xm|ys)]

]

=

M
∑

m=1

S
∑

s=1

qmsEy
s

[ln P (xm|ys)]

andEI

[

ln
Q(I)

P (I)

]

= EI

[

M
∑

m=1

S
∑

s=1

ims ln
qms

πs

]

=
M
∑

m=1

S
∑

s=1

qms ln
qms

πs
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For the second term:

EY

[

ln
Q(Y )

P (Y )

]

=

S
∑

s=1

Ey
s

[

ln
Q(ys)

P (ys)

]

=

S
∑

s=1

D (Q(ys) || P (ys))

= −
RS

2
+

1

2

S
∑

s=1

(

− ln |Cov (ys,ys) | + tr
(

Ey
s

[ysy
∗

s]
))

= −
RS

2
+

1

2

S
∑

s=1

(

ln |Λs| + tr
(

Λ
−1
s + Ey

s

[ys]Ey
s

[y∗

s]
))

= −
RS

2
+

1

2

S
∑

s=1

(

ln |Λs| + tr
(

Λ
−1
s + asa

∗

s

))

by the formula for the Kullback-Leibler divergence of two multivariate Gaussians. Note that this is always

positive. Collecting terms,

L(Q|π) =

M
∑

m=1

S
∑

s=1

qms ln q̃ms

+
1

2

{

RS −

S
∑

s=1

(

ln |Λs| + tr
(

Λ
−1
s + asa

∗

s

))

}

−

M
∑

m=1

S
∑

s=1

qms ln qms (37)

whereqms and q̃ms are given by (30) and (29) andΛs andas are given by (34) and (35). The second

term in (37) is always negative; it can be viewed as a penalty term which ensures that increasing the

number of speakers will not necessarily result in an increased value forL(Q|π).

Estimatingπ

In order to estimateπ, the means and precisionsas and Λs as well as the probabilitiesqms are

supposed to be known and the expression on the right hand sideof (37) is regarded as a function ofπ.

The only dependency onπ is through the terms̃qms as in (29). Thus to estimateπ we have to choose

π1, . . . , πS so as to maximize
M
∑

m=1

S
∑

s=1

qms ln πs

subject to the constraint
S
∑

s=1

ln πs = 1.

This gives

πs =
1

M

M
∑

m=1

qms (s = 1, . . . , S). (38)
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VI. SUMMARY

The training algorithm that we have derived consists in cycling through the following steps:

1) UpdatingQ(Y ) according to (36).

2) UpdatingQ(I) according to (30).

3) Updatingπ according to (38).

Each step is guaranteed to increase the value ofL(Q|π).
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